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Abstract Let A denote the set of Erdés-Smarandache numbers, for any positive integer n, 
they can be defined by the solutions of the diophantine equation P(n) = S(n), where P(n) 
is the largest prime factor which divides n, S(n) is the Smarandache function defined as 
follows: S(n) is the smallest number, such that S(n)! is divisible by n, i.e., S(n) = min{m : 
m € N, n\|m!}. For any real number x > 1, let M(x) denote the number of natural numbers 
n in the set A and such that n < a, in this paper, we study M(a) by the elementary and 
analytic methods, and give an interesting asymptotic formula of M (a). 

Keywords Erdés-Smarandache numbers, the largest prime factor, asymptotic formula. 
MR(2000) Classification: 11N25, 11N37. 


§1. Introduction 


For any positive integer n, the Smarandache function S(n) can be defined as follows: S'(n) 
is the smallest number, such that S(n)! is divisible by n, ie., S(n) = min{m: me N, n|ml}. 
According to the definition of S(n), ifn = p}'ps? ...p¢" denoting the prime powers factorization 
of n, we have S(n) = maxi<i<,{S(p;")}. Hence we can easily get several values of S(n): S(1) = 
1, S(2) = 2, S(3) =38, S(4) =4, S(5) = 5, $(6) = 3, S(7) =7, S(8) =4, S(9)=6, ------ 
About the arithmetical properties of S(n), many scholars have studied them (see Ref.[4]-[8]). 
For example, Lu (see Ref.[4]) and Le (see Ref.[5]) studied the solutions involving the equations 
of S(n), i.e., the equation 


S(mi + me + +++ + mp) = S(m1) + S(me) +--+ + Sm) 


has infinite many positive integer solutions. 


Du (see Ref.[6]) studied the conjecture on S(n), i.e., when n was a sqarefree number, the 
Lae 
an OM) 


1This work is supported by the 2011 Basic Research Fund of Northwestern Polytechnical Univer- 
sity(JC201123). 
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is impossible an integer. 
Xu (see Ref.[7]) got a profound result about S(n), that is 


»_ 2¢(2)a2 23 
do (S(n) - P(n))? = Sinz -o( a). 


n<x 





where P(n) is the largest prime factor which divides n, ¢(s) is Riemann zeta-function. 

Now we let A denote the set of Erdés-Smarandache numbers (See Ref.[8] and [9]), which 
is defined by the solutions of the diophantine equation S(n) = P(n). According to the def- 
initions of S(n) and P(n), we can easily get several front Erdos-Smarandache numbers, i.e., 
A = {2,3,5,6,7, 10, 11,13, 14, 15, 17, 19, 21, 22, 23, 26, 28, 29, 30,31,---}. In 1991, for any posi- 
tive integer k > 3, Erdds (see Ref. [10]) asserted the number of elements of the set A was 


So 1=k+o0(k) (k— +00). 


n<k 
neA 

After that, many scholars (see Ref.[11,12]) improved the result. Further more, in 2005, Ivic (see 

Ref.[1]) got the asymptotic formula 


log, k 
yv1= kexp { ~VTTog Flog, F (1+0 ( 063 ea 
= log, k 


nGZA 





where exp(z) = e*. Even he got the asymptotic formula involving the Dickman-de Bruijn 
function. Thereby he sharpened and corrected results of Ford (see Ref.[2]), Koninck and Doyon 
(see Ref.[3]). 

The authors are also very interested in this problem and want to know some more about 
the number of Erdés-Smarandache numbers. So we use the elementary method to study this 
problem and get a weaker asymptotic formula of the number of Erdés-Smarandache numbers. 
Although the result is weaker than those of the above, we have used the alternative approach 
(completely different from the Ivic’s). That is, we shall prove the following: 

Theorem 1.1. Let A denote the set of Erdés-“Smarandache numbers, then for all positive 
integer k > 2, we have the asymptotic formula 


k 
yi-nio(—#_,). 
ar log k(log log k) 2 


neEA 


§2. Some lemmas 


To complete the proof of the above theorem, we need the several following lemmas. First, 
we give the familiar formula Abel’s identity. 


Lemma 2.1. Abel’s identity. For any arithmetical function a(n), let 
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where A(z) = 0 if « < 1. Assume f has a continuous derivative on the interval [x, y], where 
O0<a<y. Then we have 


do an) f(r) = Aly) f(y) — Ala) f(@) i A(t) f'(t)dt. (1) 


r<ensy 


Proof. See Ref.[13]. 
Lemma 2.2. Prime number theorem. For x > 0, let 7(a) denote the number of primes 


not exceeding x. Then we have 





x x 
a(x) = ——+0O|—,—]. 2 
(=) = eg + (ae () 
In addition, the prime number theorem also has an equivalent form 
” a(t) x 
= n(x) 1 t=a24 . 
= So logp= 1 (x) log a | ; dt =x o(<) (3) 


pcx 


Proof. See Ref.[14]. 
Lemma 2.3. For all 0 < x < y, we have 


1 1 1 
», 2 o( 5} \ 
p x log x x log” x 


x<psy 





Proof. Let a(n) denote the characteristic function of the primes, that is 


1, if nis prime, 
a(n) = 
0, otherwise. 


Then we have 


1 a(n 
yay @ 


u<psy x<nsy 


Therefore if we take f(t) = 4 in Lemma 2.1, we find, 


~ e-pbu a(n)+2 [3 oan (4) 








a<psy n<y De nct 
From Lemma 2.2 we have r(x) = )/ a(n) = q+ R(2), where R(x) = O(;53;), then we find 
n<ux 
1 ety) eet Rn) py pe + RO) 
Dy 2 2 2 +2 dt 
P y x z ws 


1 RY) 1 Ro) 


af a [we 
ylogy y? x log x x? t? bet a ob 
1 1 ¥ R(t 
ble 16 af ef 
ylogy xloga x log” x Plogt rer , b 


1 1 v4 "RO 
= 2 dt +2 ——dt. 5 
soar t°(s) + [ t? log t = [5 (5) 
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4) 7 1 1 Y 1 
——dt = dt 
2 tlogt tlogx ylogy J, t?log*t 


1 1 
2 +o( : ) (6) 
x log x vlog” x 


ie BD pe o(f ari") -0(—-). (7) 











and 











where we used the condition R(t) = O( og?t i=227)- Hence equation (5) can be expressed as follows: 
1 1 1 
DS a-ae7( log? } 
r<psy ee 


This proves the lemma. 


§3. Proof of the theorem 


In this section, we shall complete the proof of the theorem. First we will estimate the 
upper bound of Linge 1 . In fact, for any positive integer k > 1, we let n = p}'p5?--- per 
denote the prime powers factorization of n, then according to the definitions and properties 
of S(n) and P(n), we can let S(n) = S(p?*) = mp;, where S(p;") is the largest number of 
{S(pt'), S(ps?), «++, S(per)}. If a; = 1, then m = 1 and S(n) = p; is prime. If a; > 1, 
then m > 1 and S(n) is composite. Hence Dinsk 1 is the number of n (1 < n < k) such that 
S(n) = 1 or S(n) is composite. Apparently S(m) = 1 if and only if n = 1. Therefore we have 


Sy 1=1+ S- 1<i+ SO o1+ SO 4, (8) 


n<k n<k np® <k S(n)<M 
ngA S(n)=S(p%), a>2 ap>mp>M, a>2 = 


where M < k*, € > 0 is areal number. Now we will estimate every term of (8). Firstly we will 


estimate the first summation. From Lemma 2.3 we have 


yy ia Sie + ie *& Le 2 be" 











sac ape sh Pics ti ae ¥ <pSvk nSoe ie a nSpe 
k k k 
= dF (atoM)+ de [etem@)+ De (e+e 
<psvk en en Sp 
2k k k k 
< +0( =) + (= +00) + (5 +00) 
mies * arog “tie pt O0)* & Mp 
a>3 a>VM 
2k k k + k 
————_ + O 9 
= M log M Gao) + MVM S Wlog M’ (9) 


where M < k*. 
In order to estimate the other term of (8), we must estimate it in a different way. For 


any prime p < M, let a(p) = [4 “| denote the largest number not exceeding [44 1]. Let 
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u=T],<u p“(?). For any positive integer n such that S(n) < M, let S(n) = S(p%), according 


to the definition of S(m), we must have p*|M!, thus we have a < });* [4] < [“4I. Hence for 


all positive integer n such that S(n) < M, we have nu, that is, the number of all the n like 





this is not exceeding all the divisors of u, then we have 


oe § Et Totem 10+ |5)) 
= oe ye (1+|- )) (10) 


where exp(y) = e”. 


From Lemma 2.2 and (10), we have 





M 
YE 1 s owl YD we (1+ 4) 
S(n)<M p<M 
1 
= exp ~ log(p — 1+ M) —logp — log { 1 
pSM . 
< exp | (1) log(2M) -» log p + >: 
p<M pom P 
M log(2M) M 
= eS ep 
exp ( log M = log M 
M 
— 11 
< exp (az) (11) 





where M < k*. Now let M = logk/loglogk (it determines k > 2), we have exp (A i) < 
k x, thus combining (8), (9) and (11), we immediately get 


log k(log log k)? 
k 
5 1-0(— ot). 
n<k log k(log log k) 2 


nG@A 


Therefore, we have 





k 
Soia=k- i=k+0( r): 
oer ea log k(log log k) 2 


neA ng@A 


This completes the proof of the theorem. 
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Abstract In this paper the following concepts are generalized intuitionistic fuzzy contra 
continuous function, strongly generalized intuitionistic fuzzy contra continuous function and 
generalized intuitionistic fuzzy contra irresolute are studied. The concepts of generalized 
intuitionistic fuzzy S-closed and strongly generalized intuitionistic fuzzy S-closed are studied. 
The concepts of generalized intuitionistic fuzzy compact spaces and generalized intuitionistic 
fuzzy almost compact spaces are established. The concepts of generalized intuitionistic fuzzy 
filter and intuitionistic fuzzy C-convergent are established. Some properties are investigated 
with some illustrations. 

Keywords Generalized intuitionistic fuzzy contra continuity, strongly generalized intuitioni 
-stic fuzzy contra continuity, generalized intuitionistic fuzzy contra irresolute, generalized int 
-uitionistic fuzzy S-closed, generalized intuitionistic fuzzy compact spaces, generalized intuiti 
-onistic fuzzy almost compact spaces, generalized intuitionistic fuzzy filter and intuitionistic 

fuzzy C’-convergent. 

2000 Mathematics Subject Classification: 54A40, 03E72. 


81. Introduction 


The fuzzy concept has invaded almost all branches of mathematics ever since the introduc- 
tion of fuzzy sets by L. A. Zadeh [6]. These fuzzy sets have applications in many fields such 
as information [4] and control 5]. The theory of fuzzy topological space was introduced and 
developed by C. L. Chang ' and since then various notions in classical topology has extended 
the fuzzy topological space. 

The idea of “intuitionistic fuzzy set” was first published by Atanassov |] and many works 


2:3,4] Later, this concept was 


by the same author and his colleagues appeared in the literature 
generalized to “intuitionistic L - fuzzy sets” by Atanassov and Stoeva |]. The concepts of “On 
some generalizations of fuzzy continuous functions” was introduced by G. Balasubramanian and 
P. Sundaram |], The concepts of “Generalized intuitionistic fuzzy closed sets” was introduced 


by R. Dhavaseelan, E. Roja and M. K. Uma ©). The concepts of “fuzzy contra continuous” was 
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introduced by E. Ekici and E. Kerre [°, 

In this paper the following concepts are generalized intuitionistic fuzzy contra continuous 
function, strongly generalized intuitionistic fuzzy contra continuous function and generalized 
intuitionistic fuzzy contra irresolute are studied. The concepts of generalized intuitionistic 
fuzzy S-closed and strongly generalized intuitionistic fuzzy S-closed are studied. The concepts 
of generalized intuitionistic fuzzy compact spaces and generalized intuitionistic fuzzy almost 
compact spaces are established. The concepts of generalized intuitionistic fuzzy filter and 
intuitionistic fuzzy C-convergent are established. Some properties are investigated with some 
illustrations. 


§2. Preliminaries 


Definition 2.1.) Let X be a nonempty fixed set. An intuitionistic fuzzy set (IFS for 
short) A is an object having the form A = {(x, a(x), da(a)) : aw € X} where the function 
pa: X — I and 64: X — I denote the degree of membership (namely w4(x)) and the 
degree of nonmembership (6,4(x)) of each element 7 € X to the set A, respectively, and 0 < 
a(x) + 64(x) <1 for each x € X. 

Definition 2.2.!5] Let X be a nonempty set and the intuitionistic fuzzy sets A and B in 
the form A= {(z, pa(x), da(z)): EX}, B= {(z, wp(ax), Op(x)): « € X}. Then 

(a) AC Biff w(x) < wp(x) and d4(x) > 6p(2) for all « € X; 

b) A= Biff AC Band BCA; 

c) A= {(z, ba(z), wa(x)): 2 © X}; 

d) ANB={(#, walt) \ pa(a), ba(2) V bp(a)): w EX}; 
e) AUB={(a, pale) V uB(x), ba(x) A dp(@)) : w © X}; 
f) [JA={(e, wala), 1—pa(a)): # © X}; 

) (A= fe, 1 Baa), Sale): € XY. 

Definition 2.3.!! Let {A;: i € J} be an arbitrary family of intuitionistic fuzzy sets in 
X. Then 

(a) (Ai = {(@, Awa,(@), Vba,(a)) + EX}; 

(b) UAi = {(e, Vita,(2), Ab4,(@)): 2 eX}: 


Since our main purpose is to construct the tools for developing intuitionistic fuzzy topo- 


( 
( 
( 
( 
( 
(g 


logical spaces, we must introduce the intuitionistic fuzzy sets O. and 1~ in X as follows: 
Definition 2.4.2] 0. = {(a, 0, 1): «€ X} and1.={(a#, 1, 0): re X}. 
Here are the basic properties of inclusion and complementation: 
Corollary 2.1.!] Let A, B, C be intuitionistic fuzzy sets in X. Then 
(a) ACBandCCDS>AUCCBUDand ANCCBND; 
(b) AC Band ACCS ACBNC; 
(c) ACCand BCCSAUBCGC; 
(4d) AC Band BCCS ACC; 
( 
( 
( 





AUB=ANB; 





B=AU 
BoBC 


IN 2 
IN bolt 
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(h) (A) = A; 
(@) In = 0; 
(j) OF = 1. 


Now we shall define the image and preimage of intuitionistic fuzzy sets. Let X and Y be 
two nonempty sets and f: X — Y be a function. 

Definition 2.5.'3] (a) If B = {(y, ua(y), da(y)) : y € Y} is an intuitionistic fuzzy set 
in Y, then the preimage of B under f, denoted by f~+(B), is the intuitionistic fuzzy set in X 
defined by f-1(B) = {(x, f-\(un)(2), f-\(6n)(a)) + @ € X}. 

(b) If A = {(a, Aa(az), Va(x)) : aw € X} is an intuitionistic fuzzy set in X, then the 
image of A under f, denoted by f(A), is the intuitionistic fuzzy set in Y defined by f(A) = 


ort Aalto) = Fea): gel t 
Where 


SUP pe f-1(y) A(z), if f-*(y) FO; 


0, otherwise, 


fAa)Y) = 


inf yc f-1(y) Va(z), if f7*(y) FO; 


1; otherwise. 


(l-fad—da)y)= 


For the sake of simplicity,let us use the symbol f_(#4) for 1— f(1 — Wa). 

Corollary 2.2.!! Let A, A;(i € J) be intuitionistic fuzzy sets in X, B, B;(i € K) be 
intuitionistic fuzzy sets in Y and f: X — Y a function. Then 

(a) Ar C Ao => f(A1) © f(A2); 


(A), if f is surjective; 

n) f~'(B) = f-1(B). 

Definition 2.6.!!5] An intuitionistic fuzzy set A of intuitionistic fuzzy topological space 
X is called a intuitionistic fuzzy regular closed set if [F'cl(IFint(A)) = A. 

Equivalently An intuitionistic fuzzy set A of intuitionistic fuzzy topological space X is 
called a intuitionistic fuzzy regular open set if [Fint(IFcl(A)) = A. 

Definition 2.7.19! Let (X, T) be an intuitionistic fuzzy topological space. An intuitionistic 
fuzzy set Ain (X, T) is said to be generalized intuitionistic fuzzy closed (in shortly GIF closed) 
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if [F'cl (A) C G whenever A C G and G is intuitionistic fuzzy open. The complement of a GIF- 
closed set is GIF open. 

Definition 2.8.!] Let (X, T) be an intuitionistic fuzzy topological space and A be an 
intuitionistic fuzzy set in X. Then intuitionistic fuzzy generalized closure (in short [F'Gcl) and 
intuitionistic fuzzy generalized interior (in short [F'Gint) of A are defined by 

(a) [FGcl(A) =(\{G: Gis a GIF closed set in X and ACG }. 

(b) [FGint(A) = U{G: Gis a GIF open set in X and A D G}. 

Definition 2.9.) A nonvoid family F of GIF sets on X is said to be generalized intu- 
itionistic fuzzy filter (in short GIF filter) if 

(1) 0. ¢F; 

(2) If A, Be F then ANBEF; 

(3) If AC Fand AC B then BEF. 


§3. Generalized intuitionistic fuzzy contra continuous func- 
tion 


Definition 3.1. Let (X, T) and (Y, S) be any two intuitionistic fuzzy topological spaces. 

(a) A map f: (X, T) — (Y, S) is called intuitionistic fuzzy contra continuous (in short 
IF contra continuous) if the inverse image of every open set in (Y, S) is intuitionistic fuzzy 
closed in (X, T). 

Equivalently if the inverse image of every closed set in (Y, S) is intuitionistic fuzzy open 
in (X, T). 

(b) A map f: (X, T) — (Y, S) is called generalized intuitionistic fuzzy contra continuous 
(in short GIF contra continuous) if the inverse image of every open set in (Y, S') is GIF closed 
in (X, T). 

Equivalently if the inverse image of every closed set in (Y, S$) is GIF open in (X, T). 

(c) A map f: (X, T) — (Y, S) is called GIF contra irresolute if the inverse image of 
every GIF closed set in (Y, S) is GIF open in (X, T). 

Equivalently if the inverse image of every GIF open set in (Y, S) is GIF closed in (X, T). 

(d) Amap f: (X, T) > (Y, S) is said to be strongly GIF contra continuous if the inverse 
image of every GIF open set in (Y, S) is intuitionistic fuzzy closed in (X, T). 

Equivalently if the inverse image of every GIF ' closed set in (Y, S) is intuitionistic fuzzy 
open in (X, T). 

Proposition 3.1. Let f: (X, T) — (Y, S) be a bijective map. Then f is GIF contra 
continuous mapping if IFcl(f(A)) C f(7FGint(A)) for every intuitionistic fuzzy set A in 
(X, T). 

Proposition 3.2. Let (X, T) and (Y, S) be any two intuitionistic fuzzy topological 
spaces. Let f: (X, T) > (Y, S) be a map. Suppose that one of the following properties hold. 

(a) f(1FGcl(A)) C IF int(f(A)) for each intuitionistic fuzzy set A in (X, T). 

(b) IFGcl(f~'(B)) C f-!(1Fint(B)) for each intuitionistic fuzzy set B in (Y, S). 

(c) f-'([Fcl(B)) C IFGint(f~!(B)) for each intuitionistic fuzzy set B in (Y, S$). 

Then f is GIF contra continuous mapping. 
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Proposition 3.3. Let (X, T) and (Y, S$) be any two intuitionistic fuzzy topological 
spaces. Let f: (X, T) > (Y, S) be a map. Suppose that one of the following properties hold. 
(a) f-'\(IFGel(A)) C IF Gint(IFGcl(f~!(A)) for each intuitionistic fuzzy set A in (Y, S). 

(b) [FGel(IFGint(f~'(A))) C f7l(1FGint(A)) for each intuitionistic fuzzy set A in 
(Y, §). 

(c) f(T FGdl(IF Gint(A))) C IF Gint(f(A)) for each intuitionistic fuzzy set A in (X, T). 

(d) f(1F'Gcl(A)) C IF Gint(f(A)) for each intuitionistic fuzzy set A in (X, T). 

Then f is GIF contra continuous mapping. 

Proposition 3.4. Let (X, T) and (Y, S) be any two intuitionistic fuzzy topological 
spaces. If f: (X, T) — (Y, S) is intuitionistic fuzzy contra continuous then it is GIF contra 
continuous. 

The converse of Proposition 3.4 is not true. See Example 3.1. 

Example 3.1. Let X = {a, b, c}. Define intuitionistic fuzzy sets A and B as follows 


A= (z, ( 


re as pa) (oa aa 3a) 





and 





B= (x, (a3) ee a3)) (os ae a7): 


Then T = {0., 1., A} and S = {0., 1., B} are intuitionistic fuzzy topologies on X. Thus 
(X, T) and (X, S) are intuitionistic fuzzy topological spaces. Define f: (X, T) > (X, S) as 
f(a) = 6, f(b) =a, f(c) =c. Clearly f is GIF contra continuous. But f is not intuitionistic 
fuzzy contra continuous. Since, f~'(B) ¢ T for Be S. 

Proposition 3.5. Let (X, T) and (Y, S) be any two intuitionistic fuzzy topological 
spaces. If f: (X, T) — (Y, S$) is GIF contra irresolute then it is GIF’ contra continuous. 

The converse of Proposition 3.5 is not true. See Example 3.2. 

Example 3.2. Let X = {a, b, c}. Define the intuitionistic fuzzy sets A, B and C as 
follows. 





A= 
B 


(x, (qa a os) (ais Te as))s 





= (2, (9%) ae os) (os nee os) 


and 





C= (a, (gta, 05> a5) (Gar a5 05): 
T= {0., 1,, A, B} and S = {0., 1., C} are intuitionistic fuzzy topologies on X. Thus 
(X, T) and (X, S) are intuitionistic fuzzy topological spaces. Define f : (X, T) — (X, S) 
as follows f(a) = b, f(b) =a, f(c) =c. Clearly f is GIF contra continuous. But f is not 
is GIF closed in (X, S), 





GIF contra irresolute. Since D = (x, (3, oy, o&), (sé. os: o&)) 


f-*(D) is not GIF-open in (X, T). 

Proposition 3.6. Let (X, T) and (Y, S) be any two intuitionistic fuzzy topological 
spaces. If f: (X, T) — (Y, S) is strongly GIF contra continuous then f is intuitionistic fuzzy 
contra continuous. 

The converse Proposition 3.6 is not true. See Example 3.3. 

Example 3.3. Let X = {a, b, c}. Define the intuitionistic fuzzy sets A, B and C as 
follows. 
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A= (x, (a3, ee aa)) (ga ae a5) 
B= (z, (oF: ae oa) (oo a8 a5) 





and 





C= (x, (a5 ee oo) (aa Tae oa)) 


T={0., 1,, A, B} and S = {0., 12, C} are intuitionistic fuzzy topologies on X. Thus 
(X, T) and (X, S) are intuitionistic fuzzy topological spaces. Define f: (X, T) > (X, S) as 
follows f(a) =a, f(b) =6, f(c) =. Clearly f is intuitionistic fuzzy contra continuous. But f 
is GIF 





is not strongly GIF contra continuous. Since D = (x, (74, go5, a5), (G4 2 s§)) 
open in (X, S$), f~'(D) is not intuitionistic fuzzy closed in (X, T). 

Proposition 3.7. Let (X, T) and (Y, S) be any two intuitionistic fuzzy topological 
spaces. If f : (X, T) — (Y, S) is strongly GIF contra continuous then f is GIF contra 
continuous. 

The converse Proposition 3.7 is not true. See Example 3.4. 

Example 3.4. Let X = {a, b, c}. Define the intuitionistic fuzzy sets A, B and C as 
follows. 





A= (2, (oa a5) a5) (om a5? a5) 


B= (a, (ae oa os)) (oa nae a5) 





and 





C= (a, (aa me os) (oa ee 05) 


T= {0., 1., A, B} and S = {0., 1x, C} are intuitionistic fuzzy topologies on X . Thus 
(X ,T) and (X, S) are intuitionistic fuzzy topological spaces. Define f : (X, T) — (X, S) 
as follows f(a) = c, f(b) =c, f(c) =c. Clearly f is GIF contra continuous. But f is not 
strongly GIF contra continuous. Since D = (x, (s4, 5, os), (a4, Gy. G&)) is a GIF open 
set in (X, S$), f~'(D) is not intuitionistic fuzzy closed in (X, T). 

Proposition 3.8. Let (X, T) and (Y, S$) be any two intuitionistic fuzzy topological 
spaces. If f : (X, T) — (Y, S) is strongly GIF contra continuous then f is GIF contra 


irresolute. 





The converse Proposition 3.8 is not true. See Example 3.5. 
Example 3.5. Let X = {a, b, c}. Define the intuitionistic fuzzy sets A, B and C as 
follows. 





A= (2, (55> a0 oo) (or The oi))s 
B= 





(x, (5o5> waa» a0) (G, aor 5) 


and 





a b c a b c 
C= (x, (og a9 09) (oT Oo 705)? 
T= {0., 1,, A, B} and S = {0., 1., C} are intuitionistic fuzzy topologies on X. Thus 
(X, T) and (X, S) are intuitionistic fuzzy topological spaces. Define f : (X, T) > (X, S) as 
follows f(a) =a, f(b) =c, f(c) =. Clearly f is GIF contra irresolute. But f is not strongly 
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: : 2 a b Cc a b c 
GIF contra continuous. Since D = (x, (5%, nog) 799) (aoD B> Dol 


(X, 9), f-1(D) is not intuitionistic fuzzy closed in (X, T). 

Proposition 3.9. Let (X, T) , (Y, S) and (Z, R) be any three intuitionistic fuzzy topo- 
logical spaces. Let f: (X, T) — (Y, S) andg: (Y, S) — (Z, R) be maps. 

(i) If f is GIF contra irresolute and g is GIF contra continuous then gof is GIF continuous. 

(ii) If f is GIF contra irresolute and g is GIF continuous then go f is GIF contra 
continuous. 





)) is a GIF open set in 


(iii) If f is GIF irresolute and g is GIF contra continuous then go f is GIF contra 
continuous. 

(iv) If f is strongly GIF contra continuous and g is GIF contra continuous then go f is 
intuitionistic fuzzy continuous. 

(v) If f is strongly GIF contra continuous and g is GIF continuous then gof is intuitionistic 
fuzzy contra continuous. 

(vi) If f is strongly GIF continuous and g is GIF contra continuous then go f is intu- 
itionistic fuzzy contra continuous. 

Definition 3.2. An intuitionistic fuzzy topological space (X, T) is said to be intuitionistic 
fuzzy T,/2 if every GIF closed set in (X, T) is intuitionistic fuzzy closed in (X, T). 

Proposition 3.10. Let (X, T), (Y, S) and (Z, R) be any three intuitionistic fuzzy topo- 
logical spaces. Let f: (X, T) > (Y, S) and g: (Y, S) — (Z, R) be mapping and (Y, S) be 
intuitionistic fuzzy T)/2 if f and g are G/F contra continuous then go f is GIF continuous. 

The Proposition 3.10 is not valid if (Y, S) is not intuitionistic fuzzy T\/2. See Example 
3.6. 

Example 3.6. Let X = {a, b, c}. Define the intuitionistic fuzzy sets A, B, C and D as 
follows. 











A= (a, (a3: cee oa) (oa me os))s 
b 
B= (2, (ae aa oe) (os os a3) 
C= (x, (sa os) on) (Sa oa 05)? 
and 
D= (a, (53 oa os) (os a a7): 





Then the family T = {0., lx, A, B}, S = {0., l., C} and R = {0., 1,, D} are 
intuitionistic fuzzy topologics on X. Thus (X, T) , (X, S) and (X, R) are intuitionistic fuzzy 
topological spaces. Also define f : (X, T) — (X, S) as f(a) =a, f(b) = b, f(d = b and 
g: (X, S) — (X, R) as g(a) = b, g(b) = a, g(c) = c. Then f and g are GIF contra 
continuous functions. But go f is not GIF continuous. For D is intuitionistic fuzzy open in 
(X, R). f-t(g71(D)) is not GIF open in (X, T). gof is not GIF continuous. Further (X, S) 
is not intuitionistic fuzzy Ty /2. 

Proposition 3.11. Let (X, T), (Y, S) and (Z, R) be any three intuitionistic fuzzy topo- 
logical spaces. Let f : (X, T) > (Y, S) andg: (Y, S) — (Z, R) be mapping and (Y, S) 
be intuitionistic fuzzy T)/2 if f is intuitionistic fuzzy contra continuous and g is GIF contra 
irresolute then go f is strongly GIF continuous. 
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The Proposition 3.11 is not valid if (Y, S$) is not intuitionistic fuzzy T,/2. See Example 
3.7. 

Example 3.7. Let X = {a, b, c}. Define the intuitionistic fuzzy sets A, B, C and D as 
follows. 














A= (x, (q5) = oo) (aa Tae oi): 

B= (x, (oa, Tee oa) (a ree os): 

C= (a, (ga) os) as) (aa oa O05)? 
and 

D= (x, (wD ee a3)) (oe ee a7): 


Then the family T = {0., lx, A, B}, S = {O., ly, C} and R = {O0., lr, D} are 
intuitionistic fuzzy topologics on X. Thus (X, T), (X, 5’) and (X, R) are intuitionistic fuzzy 
topological spaces. Also define f : (X, T) — (X, S) as f(a) =a, f(b) =a, f(c) = b and 
g: (X, S) > (X, R) as g(a) = c, g(b) =a, g(c) = b. Then f is intuitionistic fuzzy contra 
continuous and g is GIF contra irresolute. But go f is not strongly GIF continuous. For D 
is GIF open in (X, R). f~'(g~1(D)) is not intuitionistic fuzzy open in (X, T). go f is not 
strongly GIF continuous. Further (X, S$) is not intuitionistic fuzzy Ty 2. 

Definition 3.3. Let X be a non-empty set and x € X a fixed element in X. If r € Ip, 
s € J, are fixed real number such that r+s < 1 then the intuitionistic fuzzy set v,,5 = (y, Ur, Ls) 
is called an intuitionistic fuzzy point in X, where r denotes the degree of membership of z,..., 
s denotes the degree of nonmembership of x,,,. The intuitionistic fuzzy point z,., is contained 
in the intuitionistic fuzzy set A iff r < pa(x), s > d4(a). 

Proposition 3.12. Let (X, T) and (Y, S) be any two intuitionistic fuzzy topological 
spaces. For a function f: (X, T) > (Y, S) the following statements are equivalents: 

(a) f is GIF contra continuous mapping. 

(b) For each intuitionistic fuzzy point x,,, of X and for each intuitionistic fuzzy closed set 
B of (Y, S) containing f(z,,,), there exists a GIF open set A of (X, T) containing z,,,, such 
that AC f-1(B). 

(c) For each intuitionistic fuzzy point z,,, of X and for each intuitionistic fuzzy closed set 
B of (Y, S') containing f(2,,,), there exists a GIF open set A of (X, T) containing z,,,, such 
that f(A) C B. 

Proof. (a)=(b) Let f is GIF contra continuous mapping. Let B be an intuitionistic fuzzy 
closed set in (Y, S) and let x,,, be an intuitionistic fuzzy point of X, such that f(z,,.) € B. 
Then z,., € f~'(B), 5 € f~'(B) = IFGint(f~'(B)). Let A = IFGint(f~!(B)), then A is 
a GIF open set and A = IFGint(f~!(B)) C f-1(B). This implies A C f~1(B). 

(b)=(c) Let B be an intuitionistic fuzzy closed set in (Y, 5S’) and let x,,, be an intuitionistic 
fuzzy point in X, such that f(z,,,) € B. Then z,,, € f~'(B). By hypothesis f~'(B) is a GIF 
open set in (X, T) and AC f~1(B). This implies f(A) C f(f~1(B)) C B. 

(c)=(a) Let B be an intuitionistic fuzzy closed set in (Y, 5) 
fuzzy point in X, such that f(a;,,) € B. Then z,,, € f~'(B). By hypothesis there exists a 
GIF open set A of (X, T), such that z,,, € A and f(A) C B. This implies 7, € A C 


and let z,,, be an intuitionistic 
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f-1(f(A)) C f7}(B). Since A is GIF open, A = IFGint(A) C IFGint(f~1(B)). Therefore 
tr, € [FGint(f-1(B)), f-(B) = Uz,..€f-1(B) (r,s) IFGint(f~'(B) C f-+(B). Hence 
f-1(B) is a GIF open set in (X, T). Thus f is GIF contra continuous mapping. 

Definition 3.4. Let (X, T) and (Y, S) be any intuitionistic fuzzy topological spaces. 
Let f : (X, T) > (Y, S) be a mapping. The graph g: X — X x Y of f is defined by 
g(a) = (a, f(x)), Va € X. 

Proposition 3.13. Let (X, T) and (Y, S) be any two intuitionistic fuzzy topological 
spaces. Let f: (X, T) — (Y, S) be any mapping. If the graph g: X — X x Y of f is GIF 
contra continuous then f is also GIF’ contra continuous. 

Proof. Let A be an intuitionistic fuzzy open set in (Y, 9). By definition f~'(A) = 
1.1 f-'(A) =g71(1. x A). Since g is GIF contra continuous, g~'(1. x A) is GIF closed in 
(X, T). Now f~1(A) is a GIF closed set in (X, T). Thus f is GIF contra continuous. 

Proposition 3.14. Let (X, T) and (Y, S) be any two intuitionistic fuzzy topological 
spaces. Let f : (X, T) — (Y, S) be any mapping. If the graph g: X — X x¥Y of f is strongly 
GIF contra continuous then f is also strongly GIF contra continuous. 

Proof. Let A be an GIF open set in (Y, 9). By definition f~'(A) = 1.1.) f7~\(A) = 
g ‘(1. x A). Since g is strongly GIF contra continuous, g~!(1~ x A) is intuitionistic fuzzy 
closed in (X, T). Now f~1!(A) is a intuitionistic fuzzy closed set in (X, T). Thus f is strongly 
GIF contra continuous. 

Proposition 3.15. Let (X, T) and (Y, S) be any two intuitionistic fuzzy topological 
spaces. Let f: (X, T) — (Y, S) be any mapping. If the graph g: X — X x Y of f is GIF 
contra irresolute then f is also GIF contra irresolute. 

Proof. Let A be an GIF open set in (Y, 9). By definition f~'(A) = 1.1.) f7~\(A) = 
g ‘(1 x A). Since g is GIF contra irresolute, g~'(1. x A) is GIF closed in (X, T). Now 
f-\(A) is a GIF closed set in (X, T). Thus f is GIF contra irresolute. 

Definition 3.5. Let (X, T) be an intuitionistic fuzzy topological space. If a family 
{(z, tic;, 5a;) : 1 € J} of GIF open sets in (X, T) satisfies the condition U{(x, uc,, da;): 
i€ J} = 1, then it is called a GIF open cover of (X, T). 

Definition 3.6. A finite subfamily of a GIF open cover {(x, tic;, dg;): 1 € J} of (X, T) 
which is also a GIF open cover of (X, T) is called a finite subcover of {(x, uc,, dG,;): i € J}. 

Definition 3.7. An intuitionistic fuzzy topological space (X, T) is called GIF compact 
iff every GIF open cover of (X, T) has a finite subcover. 

Proposition 3.16. Let (X, T) and (Y, S) be any two intuitionistic fuzzy topological 
spaces and f : (X, T) — (Y, S) be GIF contra continuous surjection. If (X, T) is GIF 
compact then so is (Y, S). 

Proof. Let G; = {(y, uc,, dG,) : i € J} be an intuitionistic fuzzy closed in (Y, S$). 
1—G; be an intuitionistic fuzzy open cover in (Y, S) with U{(l—-—y, l—we;, 1-de,): 1€ J} 
= Uiey 1 -— Gi = 1,. Since f is GIF contra continuous, f~'(Gi)={(z, wf-1(G,), 5¢-1(G,)) : 
i € J} is GIF open cover of (X, T). Now U,.; f-'(Gi) = f-*(Uje7 Gi) = 1n. Since (X, T) 
is GIF compact, there exists a finite subcover Jo C J such that Views f-1(G;) = 1.. Hence 
fies, f-'(Gi)) =1,, fF" Vier, (Gi) = Vie gs, (1 — Gi) = 1,. That is, Uses, (1 — Gi) =1,. 
Therefore (Y, S) is intuitionistic fuzzy compact. 
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Definition 3.8. (i) An intuitionistic fuzzy set A of intuitionistic fuzzy topological space 
X is called a GIF regular closed set if [FGcl(IFGint(A)) = A. 

Equivalently An intuitionistic fuzzy set A of intuitionistic fuzzy topological space X is 
called a GIF regular open set if [FGint(IF'Gcl(A)) = A. 

(ii) An intuitionistic fuzzy topological space (X, T) is called a intuitionistic fuzzy S-closed 
space if each intuitionistic fuzzy regular closed cover of X has a finite subcover for X. 

(iii) An intuitionistic fuzzy topological space (X, T’) is called a GIF’ S-closed space if each 
GIF regular closed cover of X has a finite subcover for X. 

(iv) An intuitionistic fuzzy topological space (X, T) is called a strongly intuitionistic fuzzy 
S-closed space if each intuitionistic fuzzy closed cover of X has a finite subcover for X. 

(v) An intuitionistic fuzzy topological space (X, T) is called a strongly GIF’ S-closed space 
if each GIF closed cover of X has a finite subcover for X. 

Proposition 3.17. Every strongly GIF S-closed space of (X, T) is GIF S-closed. 

Proof. Let (X, T) be strongly GIF S-closed space and let U;-<;(Gi) = 1.. Where 
{Gi}ieys is a family of GIF regular closed sets in (X, T). Since every GIF regular closed is a 
GIF closed set, Uj. 7(Gi) = 1~ and (X, T) is strongly GIF S-closed implies that there exists 
a finite subfamily {Gi}iesocy, such that U;-;,(Gi) = 1.. Here the finite cover of X by GIF 
regular closed sets has a finite subcover. Therefore (X, T’) is GIF’ S-closed. 

Proposition 3.18. Let (X, T) and (Y, S) be any two intuitionistic fuzzy topological 
spaces and let f: (X, T) — (Y, S) be GIF contra continuous function. If (X, T) is strongly 
GIF S-closed space then (Y, 5) is intuitionistic fuzzy compact. 

Proof. Let G; = {(y, ua; (y), dG,;(y)) : i € J} be intuitionistic fuzzy open cover of (Y, S) 
and let Uj_7(Gi) = 1,. Since f is GIF contra continuous, f~'(G;) = {(x, wp-2(G,) (2), 5f¢-1(G,) 
(x))} is GIF closed cover of (X, T) and U,.; f-*(Gi) = f-*(Uje7(Gi)) = 1,. Since (X, T) 
is strongly GIF’ S-closed, there exists a finite subcover Jo C J, such that Uj. 5, f FG = Te 
Hence f(Uieg, £7 '(Gi)) = FF7* Vier, (Gi)) = Uies, (Gi) = 1+. Therefore (Y, S$) is intuition- 
istic fuzzy compact. 

Proposition 3.19. Let (X, T) and (Y, S) be any two intuitionistic fuzzy topological 
spaces and let f: (X, T) — (Y, S) be strongly GIF contra continuous function. If (X, T) is 
intuitionistic fuzzy compact space then (Y, S') is GIF S-closed. 

Proof. Let G; = {(y, ua, (y), da;(y)) : i € J} be GIF regular closed cover of (Y, S). 
Every GIF regular closed set is GIF closed set, let U;<7(Gi) = 1,. Since f is strongly GIF 
contra continuous, f~'(G;) = {(x, Mp-1(G,)(@), 5¢-1(G,)(a))} is intuitionistic fuzzy open cover 
of (X, T) and Ujey f-'(Gi) = fo Uies(Gi)) = 1,. Since (X, T) is intuitionistic fuzzy 
compact space, there exists a finite subcover Jo C J, such that Uj. 7, f f-1(Gi) = 1,. Hence 
F Uhety f-* (Ga) = £47" ie (Gs) = Uses, (Gi) = 1x. Therefore (Y, S) is GIF S-closed. 

Proposition 3.20. Let (X, T) and (Y, S) be any two intuitionistic fuzzy topological 
spaces and let f : (X, T) — (Y, S) be GIF contra irresolute. If (X, T) is GIF compact space 
then (Y, 5S’) is strongly GIF’ S-closed. 

Proof. Let G; = {(y, ua,(y), da;(y)) : i € J} be GIF closed cover of (Y, S) and let 
Uies(Gi) = 1,. Since f is GIF contra irresolute, f~'(Gi) = {(@, mp-1(G,)(@), 5f-1(G,)(2))} 
is GIF open cover of (X, T) and Ujey f7'(Gi) = f7(Ujes(Gi)) = 1x. Since (X, T) is 
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GIF compact space, there exists a finite subcover Jo C J, such that Uj. j, fH1Gy) = ln. 
Hence f(Uies, £7 (Gi)) = FF7* Vier, (Gi) = Vier, (Gi) = 1~. Therefore (Y, S) is strongly 
GIF S-closed. 

Definition 3.9. An intuitionistic fuzzy topological space X is called almost compact space 
if each intuitionistic fuzzy open cover of X has finite subcover, the intuitionistic fuzzy closure 
of whose members cover X. 

Definition 3.10. An intuitionistic fuzzy topological space X is called GIF almost compact 
space if each GIF open cover of X has finite subcover, the GIF closure of whose members cover 
XxX. 

Proposition 3.21. Let (X, T) and (Y, S) be any two intuitionistic fuzzy topological 
spaces and let f: (X, T) > (Y, S) be GIF contra irresolute and onto mapping. If (X, T) is 
GIF compact space then (Y, S') is GIF almost compact. 

Proof. Let G; = {(y, ua; (y), da;(y)) : 1 € J} be GIF open cover of (Y, S$). Then 
lew = Uses Gi © UieyUFGd(Gi)). Since f is GIF contra irresolute, f~'(IFGcl(G;)) is 
GIF open cover of (X, T) and U;., f~'UFGel(G;)) = 1,. Since (X, T) is GIF compact, 
there exists a finite subcover Jo C J, such that U;.;, f-'(1FGcl(G;)) = 1.. Hence 1, = 
(Vier f-*UFGd(G3))) = fF (Ue, EP GAG) = Uses, UF'Gel(Gi). Therefore (Y, 9) 
is GIF almost compact. 

Definition 3.11. (i) A nonempty family F of GIF open sets on (X, T) is said to be a 
GIF filter if 
1) OV € F; 
2)If A, Be F then ANB EF; 

3) If A€ Fand AC B then BEF; 
) 
) 











ii) A nonempty family B of GIF open sets on F is said to be a GIF filter base if 
1) OV ¢ B; 
2) If By, By © B then Bs C By NM Bo for some Bs € B; 
(iii) A GIF filter F is called GIF convergent to a intuitionistic fuzzy point x,,, of a 























( 
( 
( 
( 
( 
( 




















intuitionistic fuzzy topological space (X, T) if for each GIF open set A of (X, T) containing 
Ly,s, there exists a intuitionistic fuzzy set B € F such that BC A; 

(iv) A intuitionistic fuzzy filter F is said to be intuitionistic fuzzy C-convergent to a intu- 
itionistic fuzzy point x,,, of a intuitionistic fuzzy topological space (X, T) if for each intuition- 
istic fuzzy closed set A of (X, T) containing x,,,, there exists a intuitionistic fuzzy set B € F 
such that B C A. 

Proposition 3.22. Let (X, T) and (Y, S) be any two intuitionistic fuzzy topological 
spaces. A mapping f: (X, T) > (Y, S) is GIF contra continuous. If for each intuitionistic 
fuzzy point x,,, and each GIF filter F in (X, T) is GIF convergent to x,,, then intuitionistic 
fuzzy filter f(F) is intuitionistic fuzzy C-convergent to f(x,,s). 

Proof. Let 2, = (%, %,, 5) be a intuitionistic fuzzy point and F be any GIF filter 
in (X, T) is GIF convergent to z,,. Since f is GIF contra continuous mapping, for each 
intuitionistic fuzzy closed set A containing f(«,,,), there exists a GIF open set B of (X, T) 
containing x,,,, such that f(B) C A. Since F is GIF convergent to x,,,, there exists intuition- 
istic fuzzy set C € F such that C C B. Then f(C) C f(B) C A. That is f(C) C A. Hence the 
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intuitionistic fuzzy filter f(F) is intuitionistic fuzzy C-convergent to f(a,y,s). 
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Abstract Let {T,} = {1, 2,10, 11, 12, 100, 101, 102, 110, 1000, 1001, 1002, 1010, 1011, 10000, 
10001, 10002, 10010, 10011, 10012, 100000, 100001, 100002, 100010, 100011, 100012, 100100, 

1000000, 1000001, 1000002, 1000010, 1000011, 1000012, 1000100,---} denotes the triangular 
base sequence. The main purpose of this paper is using the elementary method and the 
properties of the geometric progression to study the convergent properties of the series con- 
sists of reciprocal elements of the set and the asymptotic properties of the triangular base 


sequence, then proved that the series 5> is convergent and obtained an asymptotic 


nel Ta 
formula for In (T;,). 


Keywords Triangular base, convergent properties, asymptotic formula, elementary method. 


81. Introduction and main results 


American-Romanian number theorist F. Smarandache introduced hundreds of interesting 
sequences and unsloved problems in reference [1] and [2], many authors had studied these prob- 
lems before and obtained some interesting results, see reference [3] and [4]. In [1], he denotes tri- 
angular base sequence: {T;,} = {1,2, 10, 11,12, 100, 101, 102, 110, 1000, 1001, 1002, 1010, 1011, 
10000, 10001, 10002, 10010, 10011, 10012, 100000, 100001, 100002, 100010, 100011, 100012, 100100, 
1000000, 1000001, 1000002, 1000010, 1000011, 1000012, 1000100,...}. In a general case: if we 
want to design a base such that any number 





n 
A te 

A= (an++-a201) 5 = ) _ aidi, 
i=1 


with all a; = 0,1,--- ,¢; fori > 1, where t; > 1, then the base should be b; = 1, bj41 = (t;+1)*b; 
for i> 1. 


Numbers written in the triangular base defined as follows: t(n) = aint) n> 1. So we 
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can easily get the first several terms: 














i 4 Are), 
2 
os a ee) 
2 
2(2+4+ 1) 1(1 + 1) 
— 1 | . = 
2 2 2° 
1 2(2+1 114+1 
pe og ea 
2 2 2 
So in this sequence T, = ay = 1, T> = @ = 2, T3 = Goa, = 10, ---, Tg = G3aGgaz; = 102, ---. we 





note that in the triangular base sequence a; can only to be 0, 1, 2 and a, £0. 

There have no people studied the properties of this sequence until now, at least we couldn’t 
find any reference about it. In this paper, we first study the properties of this sequence and 
obtain substantive progress. That is, we have proved these two results: 


Theorem 1.1. The series of positive terms which are formed by triangular base sequence 
co 
1 
S= — 
oa 
n=1 


is convergent and S < 2. 
Theorem 1.2. Let {7,,} denotes the triangular base sequence, then we have the asymptotic 


formula 
In(T,) = V2n-In10+ O(1). 


§2. Proof of the theorems 


In this section, we shall use the elementary method and the structure of triangular base 
sequence to complete the proof of our theorems. The elementary methods used in this paper 
can be found in reference [5] and [6], we don’t repeat here. 

First we prove Theorem 1.1. We will classify the sequence {T,, } by the digit of each element: 
there are two elements 1, 2 which contain one digit in the decimal; There are three elements 
10, 11, 12 which contain two digits in the decimal; There are four elements 100, 101, 102, 110 
which contain three digits in the decimal---; Generally, there are k + 1 elements which contain 
k, digits in the decimal. Let u € {T,,} and the digit of wu is 7 in the decimal, then we have: 





i-l i 
F —_—_—_ —_— 10° —1 
10-1. 100-+-00 <u 23+. 22 =o. - (1) 
Obviously, in the interval of K(eEA) -l<n< Grier) —1, the digit of T,, is k in the decimal, 


while the total of T;, which satisfy the digit is & in the decimal is k +1. Then from (1) we can 
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immediately deduce the estimation formula 


























1 oS 1 1 Qk+l 
> > SD SE ee 
n=1°" k=l BUY, acini) | - k=2 
Now using the property of geometric series to estimate S= > a. 
k=2 
, “k+1 
Ss = 10%—-1 
k=2 
= 3 | 4 | 5 {| 6 | 
ae re ee Ge * 
ly 1Qk+1 
ly _ Lyset 
10 10 10*-1 
k=2 
cia ee cen eee 
~ 102 108 © 104 108 
Make difference of the following formula we have 
1.y 3 1 1 1 1 
1-—=)\s = ae er 
( 10? 10 10? - 103 = 104 - 10° 
_ 2, 
caer rc: 
10 = ia 
Thus 
, 2 10 01 
S=-+—<-. 3 
9 . 81 2 (3) 
Combine (2) and (3) we get 
1 La 
S= —<1+=-4-=2. 4 
a Tn = 2 i“ 2 (4) 
From (4) and the convergence rule of series of positive terms we can immediately deduce 
<a 
that — is t, s d Th 1.1. 
a 2d T. is convergent, so we prove eorem 


Now we prove Theorem 1.2. For any real integer n, there insists real integer m such that 
m(m+1) (m+1)(m+2) : m(m+1) (m+1)(m+2) se 
a ol <n< 3 — 1, when n satisfy “3 -1<n< +3 — —1, the digit 
of T;, is m in decimal scale . 


So from (1) we know that T,, must satisfy the inequality 


m—-1 m 
_“~_ —— 10™ —1 
10"! = 100-00 < Ty < 92° = 2- (5) 
Taking the logarithm of (5) in two sides we get 
In(T,) =m-Inl0+O(1). (6) 


On the other hand, by the definition of m, oo) -l<n< foe) —1, we have estimation 


formula 


m= V2n + O(1). 
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Combining (5) and (6) we obtain the asymptotic formula 
In(T,) = V2n-In10+ O(1). 


This completes the proof of our Theorems. 
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Abstract In this paper we introduce the new concept of double interval valued sequence 
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study its different properties like completeness, solidness, converge free, symmetricity etc. We 
prove some inclusion relations also. 
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§1. Introduction and preliminaries 


Interval arithmetic was first suggested by Dwyer ] in 1951. Development of interval 
arithmetic as a formal system and evidence of its value as a computational device was provided 
by Moore |! in 1959 and Moore and Yang !!° 1962. Furthermore, Moore and others )-[8)-[61-[10] 
have developed applications to differential equations. 

Chiao in [1] introduced sequence of interval numbers and defined usual convergence of 
sequences of interval number. Seng6niil and Eryilmaz in [11] introduced and studied bounded 
and convergent sequence spaces of interval numbers and showed that these spaces are complete 
metric space. Later Esi in [5] introduced and studied strongly almost A—convergence and 
statistically almost \—convergence of interval numbers. Recently Esi 4) introduced and studied 
the new concept of interval valued sequence space ¢ (p), where p = (pz) is a sequence of bounded 
strictly positive numbers. 

A set consisting of a closed interval of real numbers x such that a < x < 6b is called an 
interval number. A real interval can also be considered as a set. Thus we can investigate 
some properties of interval numbers, for instance arithmetic properties or analysis properties. 
We denote the set of all real valued closed intervals by JR. Any elements of JR is called 
closed interval and denoted by %. That is F = {m€R: a<a<b}. An interval number 7 


is a closed subset of real numbers [J, 


Let x; and z, be first and last points of % interval 
number, respectively. For %1, %2 € IR, we have % = %2 © %1,=%2,, %1,=%2,. Ti+ % = 
{a ER: v1, +2, <4 < 41,4 %2,}, and ifa>0, then a®¥={xeER: ax, <a < ax,,} and 


ifa <0, then a= {x ER: aa, <4 < ary}, 


U1. 22 = 


{a ER: min {x1,22,, 11,%2,, 1,2, ©1,.02,} <a < max{a1,22,, 11,22, ©1,.€2,, ©1,.L2,}}. 


24 Ayhan Esi No. 4 





The set of all interval numbers JR is a complete metric space defined by 


}.2) 





d(Z1, Z2) = max {|z1, — 2,|, |21, — £2, 


In the special case %, = [a, a] and % = [b, b], we obtain usual metric of R. 

Let us define transformation f : N — R by k > f(k) = &, & = (,). Then & = (x) is 
called sequence of interval numbers. The Z; is called k'” term of sequence % = (Z,). w* denotes 
the set of all interval numbers with real terms and the algebraic properties of w' can be found 
in [7]. 

In the reference [1] definition of convergence of interval numbers is defined as follows: 

A sequence % = (%,) of interval numbers is said to be convergent to the interval number 
Z, if for each ¢ > 0 there exists a positive integer k, such that d(%,, Zo) < ¢ for all k > k, and 
we denote it by lim, &% = Zo. 

Thus, lim, 2, = % © lim, ty, = Lo, and lim, ey, = Lo... 

Now we give new definitions for interval sequences as follows: 

An interval valued double sequence space 2F is said to be solid if 7 = (¥,) € 2£ whenever 
[Fe| < |Feu| for all k, 1 € N and F = (Zq,) € 2. 

An interval valued double sequence space 2f is said to be monotone if 2 contains the 
canonical pre-image of all its step spaces. 

An interval valued double sequence space 2F is said to be convergence free if y¥ = (Vr..1) E 
2F whenever % = (%z,1) € 2E and 1 = 0 implies Vx = 0. 

An interval valued double sequence space 2F is said to be symmetric if 2.9 (%) C 2F for all 
& = (fe) € aE, where 29 (X) denotes the set of all permutations of the elements of ¥ = (Z;_1). 

Throughout the paper, p = (px,1) is a double sequence of bounded strictly positive numbers. 
We define the following interval valued double sequence space: 


tp) =< = (ORG)? S- [d (Diets Oiler < oo 
kl=1,1 
and if py, = 1 for all k, 1 € N, then we have 


2 = C= (Zk,1) : S- d (Ea 0) < wo 
k,l=1,1 


Lemma 1.1. If a double sequence space 2F is solid, then it is monotone. 


§2. Main results 


Theorem 2.1. The double sequence space 2f(p) is a complete metric space with respect 
to the metric p defined by 


1 
00,00 -_ 


p(z, 9) = S- [tee vel | 3 


k,l=1,1 


Vol. 7 A new class of double interval numbers 25 





where M = max (1, SUP, 1 Pk,l)+ 
Proof. Let (z') be a Cauchy sequence in 2f(p). Then for a given € > 0, there exists 
No € N, such that 


p(s, z) <e, forall i, 7 > no. 
Then 


00,00 ” 


: F Pkyl 
Ss la (Zi. wha) | <e, forall i, j > 
kl=1,1 


00,00 
i j Pr, v7 . ° 
> S- [a (Zi wha) | we e™ for all i, 7 > no 
kl=1,1 
> (Zia Th.) <€,for all i, j>m andall k, JEN. (1) 
This means that (j,,) is a Cauchy sequence in R. Since R is a Banach space, (Zj, ;) is conver- 
gent. Now, let 


jim Th = Zr, for each k, 1 € N and Z = (Fx). 
Taking limit as 7 — oo in (1), we have 
plz. 2) <2, forall i> m, 
Now for all i > n, 
p(z, 0) <p(a, z)+p(z', 0) <o. 


Thus % = (x1) €2 £(p) and so 2f(p) is complete. This completes the proof. 
Theorem 2.2. The sequence space 2f(p) is solid as well as monotone. 


Proof. Let © = (m1) €2 &(p) and y = (y,,) be a interval valued sequence such that 
Vea} < |Zx| for all k, 1€N. Then 


e [d (Peay aa < wo 
k,l=1,1 
and 
dD [4 Gea HYP" < SF [a (Fea, 0)" < co. 
kl=1,1 k,l=1,1 


Thus 7 = (J) €2 €(p) and so 20(p) is solid. Also by Lemma 1.1, it follows that the space 
2¢(p) is monotone. This completes the proof. 
Theorem 2.3. The double sequence space ¢(p) is not convergence free in general. 
Proof. The result follows from the following example. 
Example 2.1. Let 


2, ifk=l 


Pkl = 
ap ifk Al. 
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We consider the double interval sequence % = (%,,1) as follows: 


[—g. 0], fk=5 


kl = 
0, 0], kA. 
Then 
00 ,0O = co 1 2 
> [a (ten OP" =>- (=) oe 
kl=1,1 k=1 
so © = (Zk) €2 &(p). Now let us consider the double interval sequence 7 = (J) defined as 
follows: 
_ [—k?, k?] , ifk=l; 
YR . 
(0, 0], if k £1. 
Then 
d [4G HPP" = Do (k?)” = 00, 
k,l=1,1 kl=1,1 


80 Y = (Yx1) ¢2 C(p). Hence 20 (p) is not convergence free. This completes the proof. 
Theorem 2.4. The double sequence space 2f (p) is not symmetric. 
Proof. The result follows from the following example. 
Example 2.2. Let 

2, ifk=l; 


Pr = 
1, ifk Fl. 


We consider the double interval sequence % = (%,,1) as follows: 
1 Ld. 

7 [-am 0]. ifk=1 

(0, 0], ifk Al. 


Then 


S [au DPM = (A) <o, 


kl=1,1 k=1 


so © = (p1) €2 (p). Now let us consider the rearrangement the double interval sequence 





7 = (Yp1) of F = (Fp) defined as follows: 


®11 1,2 1,3 
%22 £21 £23 


%3,3 £32 %3,3 


Then 
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Hence 7 = (Y;..) ¢2 @(p) and so the double sequence space 2f(p) is not symmetric. This 
completes the proof. 

Theorem 2.5. (a) If 0 < pra < qua < 1 for all k, 1 EN, then 2f(p) Cy C(q) and the 
inclusion is proper. 

(b) If 0 < infg per < pez for all k, 1 € N, then 20(p) Co @ and if 1 < pry < SUP, 1 Pk, 
<oo for all k, 1 EN, then 2f C2 C(p). 

Proof. (a) Let % = (%z1) €2 (p). Then 


00,00 


S> [d(ea, O)]?*" < 00. 


kl=1,1 


So there exists n, € N such that 


[d (2, 0)]"*" <1 for all k, 1 > np. 


Thus 
[d (Ze, 0)]%" < [d (Fez, O)]"*" for all k, 1> 1, 
and so, 
S- [d (Zig, 0} |?" < OOo. 
kl=1,1 


Thus & = (&%1) €2 £(q). The inclusion is strict and it follows from the following example. 
Example 2.3. We consider the double interval sequence % = (%;,,) as follows: 


1 . 
-Fz, 0], pat 
t= V3k 


(0, 0), ifk Zl. 
and 
241, fk=h; 1, ifk=1; 
k,l = } Pk = 
ey eA. 2, ifk Al. 
Then 
SF [ate I” = Fo (4) 
d (x1, 0) a ( ) < co 
kl=1,1 k=1 v3k 
and so % = (%p1) €2 €(q), but 
00,00 _ oo 1 
d) [a (zen, "= 30 =r 
kl=1,1 c=1 v3k 


so © = (Zp) ¢2 &(p). This completes the proof. 
(b) The first part of the result follows from the inequality 


S> (Zn, 0) < SD [a (Gey, O)]™ 
kl=1,1 kl=1,1 


and the second part of the result follows from the inequality 


00,00 


dD [4 Gea, 0)" < - d (Fx, 0). 


kl=1,1 kl=1,1 
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Abstract In this paper we characterize linear operators y on the matrices over the direct 
product of copies (need not be finite) of a binary Boolean algebra such that y preserves 


commuting pairs of matrices. 
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§1. Introduction and preliminaries 


A semiring means an algebra (S, +, -, 0, 1), where + and - are binary, 0 and 1 are nullary, 
satisfying the following conditions: 

(1) (S, +, 0) is a commutative monoid; 

(2) (S, -, 1) is a monoid; 

(3) a- (b+ c) =a-b+a-cand (a+b)-c=a-c+t+b-e, Va, b, ce S; 

(4) a-0=0-a=0, Vae S; 

(5) OA 1. 

Let S be a semiring and M,,(S) the set of all n x n matrices over S. I is the identity matrix, 
and O is the zero matrix. Define + and - on M,,(S) as follows: 


A+ B= lay t+ bijlnxn, A> B=[D5 ainbsslnxn- 
k=1 


It is easy to verify that (M,(S), +, -, O, I) is a semiring with the above operations. Let 
y be an operator on M,,(S). Then we say that y preserves commuting pairs of matrices if 
p(A)y(B) = v(B)y(A) whenever AB = BA. 

It is well known that commutativity of matrices is very important in the theory of matrices. 
Many authors have studied linear operators that preserve commuting pairs of matrices over fields 
and semirings. Song and Beasley |! gave characterizations of linear operators that preserve 


commuting pairs of matrices over the nonnegative reals. Watkins [4] considered the same 
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problem on matrices over the field of characteristic 0. Moreover, there are papers on linear 
operators that preserve commuting pairs of matrices over some other special fields (see [1, 2, 
8]). In [10], Song and Kang characterized such linear operators over general Boolean algebras 
and chain semirings. 

Linear preserver problem (LPP for short) is one of the most active research areas in 
matrix theory. It concerns the classification of linear operators that preserve certain functions, 
relations, subsets, etc., invariant. Although the linear operators concerned are mostly linear 
operators on matrix spaces over fields or rings, the same problem has been extended to matrices 
over various semirings (see [3, 5, 6, 7, 9, 10, 13] and references therein). 

In the last decades, there are a series of literature on linear operators that preserve in- 
variants of matrices over a given semiring. Idempotent preservers were investigated by Song, 
Kang and Beasley [!"J, Dolzan and Oblak "! and Orel |*!. Nilpotent preservers were discussed 


by Song, Kang and Jun [!8! and Li and Tan |! 


. Regularity preservers were studied by Song, 
Kang, Jun, Beasley and Sze in [4] and [12]. Pshenitsyna '! considered invertibility preservers. 
Song and Kang [!°l studied commuting pairs of matrices preservers. 

In this paper we study linear operators y on the matrices over the direct product of copies 
(need not be finite) of a binary Boolean algebra such that y preserves commuting pairs of 
matrices. 

For convenience, we use Zt to denote the set of all positive integers. 

Hereafter, S will always denote an arbitrary semiring unless otherwise specified. 

Let A be a matrix in M,,(S). We denote entry of A in the ith row and jth column by a,; 
and transpose of A by A’. 


For any A € M,,(S) and any 4 € S, define 
AA = [AGij|nxn, AA = [aizA]nxn- 
A mapping y: M,,(S) — M,,(S) is called a linear operator (see [9]) if 
y(aA + Bb) = ay(A) + y(B)b 


for all a, b€ S and all A, B € M,,(S). 
Given k € Z+. Let By be the power set of a k-element set Sp and a1, 02, --:, op, the 
singleton subsets of S;. We denote ¢ by 0 and S; by 1. Define + and - on M,,(S) by 














A+B=A|JB, A-B=A()B. 














Then (B,, +, :, 0, 1) becomes a semiring and is called a general Boolean algebra (see [13]). 











In particular, if k = 1 then B, is called the binary Boolean algebra (see [13]). 

A matrix A € M,,(S) is said to be invertible (see [10]) if there exists B € M,,(S) such 
that AB = BA =I. A matrix P € M,(S) is called a permutation matrix (see [3]) if it 
has exactly one entry 1 in each row and each column and 0’s elsewhere. If P € M,,(S) is a 

















ermutation matrix, then PP’ = P'P = I. Note that the only invertible matrices in M,, (By, 
p 


are permutation matrices (see [10]). 
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§2. Main results 


Let (S))aca be a family of semirings and S = [],-, S,. For any A € A and any a € S, we 
use a, to denote a(A). Define 


(a+b), =ay+by, (ab), = ayby (a, bES, AEA). 


It is routine to check that (S, +, -, 0, 1) is a semiring under the above operations. For any 
A = [a;;| € M,,(S) and any \ € A, Ay: = [(aij),] € Mn(Sy). It is obvious that 


(A+B), =A\+B), (AB), = A) B) and (aA), = ayAy 


for all A, B € M,,(S) and alla ES. 

Hereafter, S = [] yea Sa, Where S) is a semiring for any A € A. In the following, we can 
easily obtain 

Lemma 2.1. Let A and B be matrices in M,,(S). Then the following statements hold: 

(i) A = B if and only if A, = By for all X € A; 

(ii) AB = BA if and only if A, By = B)A) for all X € A; 

(iii) A is invertible if and only if A) is invertible for all X € A. 

The following result is due to Orel [. 

Lemma 2.2. If y: M,,(S) — M,,(S) is a linear operator, then for any  € A, there exists a 
unique linear operator y, : Mn(S)) ~ Mn(S,) such that (y(A)), = ya(Ay) for all A € M,,(S). 

Now, let y a linear operator on M,,(S). Suppose that y, preserves commuting pairs of 
matrices for all A € A. For any A, B €S, if AB = BA, then for any \ € A, A,B) = BA). 
This implies that 

~r(Ay)~a(Ba) = (By) ¥(Ad)- 


It follows that 


(p(A)Y(B))a = (9(A))a(V(B))a = Gr(Ar) pra(Ba) 
= pr(By)pa(Aa) = (P(B))a(y(A))a = (9(B)P(A))a- 


Further, y(A)y(B) = »(B)y(A). Thus y preserves commuting pairs of matrices. 

Conversely, assume that y preserves commuting pairs of matrices. For any A € A and 
A, B €M,(S)), there exist X, Y € M,,(S) such that X, = A, Yy = Band X, = Y, = O 
for any uw # X. If AB = BA then XY = YX. Since y preserves commuting pairs of ma- 
trices, we have y(X)y(Y) = y(Y) p(X). It follows that y)(A)y,(B) = (y(X))a(y(Y))a = 
(P(X)O(Y))a = YPY)E(X))a = (VY ))ale(X))a = Ya(B)ypa(A). Hence vy, preserves com- 
muting pairs of matrices. In fact, we have proved 

Lemma 2.3. Let y: M,,(S) — M,,(S) be a linear operator. Then y preserves commuting 
pairs of matrices if and only if y, preserves commuting pairs of matrices for all A € A. 

Let y be a linear operator on M,,(S). Suppose that y is invertible. For any ’ € A 
and any A, B € M,,(S)), there exist A, B € M,(S) such that (A), = A, (B), = B, and 
(A), = (B),, = O for any p 4 2. If (A) = y(B) then 


(p(A)) = 9a(A) = va(B) = (y(B))a. 
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Also, 
(9(A))u = (Y(B)) un = 9n(O) = O 
for any 4. # . This shows that (A) = y(B). Since y is injective, we have A = B. Further, 


A= (A), =(B), = 8. 








Thus y) is injective. 
On the other hand, since y is surjective, it follows that there exists X € M,,(S) such that 
y(X) = B. We can deduce that 


B=(8), = (XQ) = ox). 


That is to say, yy, is surjective. Hence y, is invertible. We have therefore established half of 
Lemma 2.4. Let y be a linear operator on M,,(S). Then is invertible if and only if y) 
is invertible for all A € A. 
Proof. We only need to prove the remaining half. Assume that vy, is invertible for any 
A € A. For any A, B € M,,(S) and any 4 € A, if y(A) = y(B) then 


pr(Ay) = (Y(A))a = (Y(B))a = pr( By). 


Since y) is injective, we have A, = By. By Lemma 2.1(i) it follows that A = B. Hence vy is 
injective. Since y is surjective, there exists X) € M,(S,) such that y,(X)) = By. Let 
X €M,,(S) satisfy X, = X) for any X € A. It is clear that y(X) = B, and so ¢ is surjective. 
Thus y¢ is invertible as required. 

The following lemma, due to Song and Kang "°l, characterize invertible linear operators 


preserveing commuting pairs of matrices over a binary Boolean algebra. 














Lemma 2.5. Let y be a linear operator on M,,(B,). Then ¢ is an invertible linear 
operator that preserves commuting pairs of matrices if and only if there exists a permutation 
matrix P € M,,(B1) such that either 

(a) p(X) = PX P" for all X € M,,(Bj), or 

(b) p(X) = PX'P* for all X € M,,(B}). 

Next, we have 

Theorem 2.1. Let S=[],-,S,, where S, = B; for any A € A. Let y: My(S) — M,,(S) 
be a linear operator. Then y is an invertible linear operator that preserves commuting pairs of 
matrices if and only if there exist invertible matrix U €¢ M,,(S) and fi, fo € S such that 


















































o(X) =U(fLX + foX")U' 


for all X € M,,(S), where (f1), 4 (f2), for any \€ A. 

Proof. (= >) It follows from Lemma 2.3 and Lemma 2.4 that y) is an invertible linear 
operator which preserves commuting pairs of matrices for any A € A. By Lemma 2.5, there 
exists U € M,,(S) such that either 

yr(X) = Uy XU (1) 


for all X € M,,(Sy), or 
ern(X) = UX*US (2) 
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for all X € M,,(S)). Moreover, Uy is a permutation matrix for any A € A. We have by Lemma 
2.1 (iii) that U is invertible. Let A; : = {A € A] ~) is the form of (7)}, i = 1, 2. It is evident 
that Ai (\A2 = ¢, Ail Ag = A. For i = 1, 2, let f; € S satisfy (f;), = 1 if A © A; and 0 
otherwise. We conclude that y(X) = U(f1X + foX")U® for all X € M,,(S) as required. 
(<=) For any \ € A and any X € M,,(Sy), there exists Y € M,,(S) such that X = Y,. We 
have 
en(X) = vr(Va) = (O(Y))a = (U(AY + feY¥U")). 


If (fi), = 1, (fa), = 0, then y,(X) = U\XUS for all X € M,(S)). Otherwise, y,(X) = 
U,X}U§ for all X € M,,(S)). We have by Lemma 2.1 (iii) that U) is invertible. It follows 
from Theorem 2.1 that y) is an invertible linear operator that preserves commuting pairs 
of matrices. Therefore, y is an invertible linear operator that preserves commuting pairs of 
matrices by Lemma 2.3 and Lemma 2.4. 

Song and Kang !"° characterize invertible linear operators which preserve commuting pairs 
of matrices over general Boolean algebra. Recall that a general Boolean algebra is isomorphic 
to a direct product of binary Boolean algebras. Up to isomorphism, we obtain characterization 
of invertible linear operators which preserve commuting pairs of matrices over general Boolean 
algebra. 

Example 2.1. Let S = B,; x B, x By. Take 


























(0,0,1) (1,0,0) (0,1,0) 
U = |(0,1,0) (0,0,1) (1,0,0) 
(1,0,0) (0,1,0) (0,0,1) 


in M3(S) and f; = (0,1,0), fe = (1,0,1) in S. Define an operator y on M3(S) by 
p(X) =U(fiX + fox*)U" 


for all X € M3(S). 

It is obvious that U)(A = 1, 2, 3) are all permutation matrices. By Theorem 2.1, y is an 
invertible linear operator which preserves commuting pairs of matrices. 

Example 2.2. Let S = [],<7+ Sx, where Sy = B, for any k € Z*,. Take a, b € S, where 
A2pr-1 = 1, do, = 0, box; = 0 and bo, = 1 for any k € Zt. Let 














b a 0 
U= 0 b 
b 


So 8 


a 
be a matrix in Ms(S). Define an operator y on M3(S) by 
p(X) = U(aX + bX*)U* 


for all X € M3(S). 
We have by Theorem 2.1 that y is an invertible linear operator which preserves commuting 


pairs of matrices. 
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Abstract This paper is an application of a lemma due to Miller and Mocanu [1] using which 


we find certain sufficient conditions in terms of the differential operator 


of"(2) af 
Fo tty (1 ro.) 


for f € A to belong to the class U(A, uw, ¢g(z)) where 











f(z) ! ee 
U(r. wm ale) =A fen: 0 and £2) (55) <q(2), 2€ES, 
z f(z) 
and q, q(z) 4 0 is univalent in E and y a complex number. As special cases of our main 
result, we find certain significant results regarding starlikeness and strongly starlikeness which 
extend some known results. 
Keywords Analytic function, differential subordination, starlike function, strongly starlike 


function. 


§1. Introduction and preliminaries 














Let be the class of functions analytic in the open unit disk E = {z: |z| < 1}. Let A 
be the class of all functions f which are analytic in E and normalized by the conditions that 
f(0) = f’(0) -1=0. Thus, f € A, has the Taylor series expansion 














f(y =z2+ yy Gee 
k=2 














Let S denote the class of all analytic univalent functions f defined in E and normalized 
by the conditions f(0) = f’(0) 1 = 0. A function f € A is said to be starlike of order 
a (0<a<1) in E if and only if 





























x (£9) >a, zEE 

















f(z) 
A function f € A is said to be strongly starlike of order a, 0<a <1, if 
zf'(z)| __ om , 
arg < » % Li 
f(z) 2 
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equivalently 

















fC) 


For two analytic functions f and g in the unit disk E, we say that f is subordinate to g 
































in E and write as f ~< g if there exists a Schwarz function w analytic in E with w(0) = 0 and 


























|w(z)| <1, z € E such that f(z) = g(w(z)), z € E. In case the function g is univalent, the 


C g(E). 
Let ¢: C? x E — C and let h be univalent in E. If p is analytic in E and satisfies the 


























above subordination is equivalent to: f(0) = g(0) and f(E 


wa 






































differential subordination 
b(p(z), zp'(z); 2) < h(z), o(p(0), 0; 0) = A(0), (1) 


then p is called a solution of the first order differential subordination (1). The univalent function 
q is called a dominant of the differential subordination (1) if p(0) = q(0) and p ~ gq for all p 
satisfying (1). A dominant g that satisfies g < q for all dominants q of (1), is said to be the 
best dominant of (1). 

Let 


f(2) 


z 

















2 \et 
U(A, pw, 9(z)) = {1 EH: #O and f'(z) ( ) ~<q(z), z€ ; ; 


f(z) 


and q, q(z) # 0 is univalent in E and uw a complex number. Throughout this paper, value of 
Fournier and Ponnusamy /! studied the class 


f@) f(s) ee ~1)<A, ze 7 


Zz 
where 0 < X < 1 and wp is a complex number and estimated the range of parameters and 














the complex power taken is the principal one. 





#0 and 











U(A, a= fren: 








p such that the functions in the class U(A, 4) are starlike or spirallike. Note that U(A, ps) = 
U(A, pw, 1+ Az) for0<A<1. 

Obradovié et al. !! proved: 

Theorem 1.1. If f € A satisfies the inequality 


+ 2f"(2) _ 2f'(2) 














f(z) fl) 





<1,zEE 








then f is starlike. 
Irmak and San /! proved the following result. 
Theorem 1.2. If f € A satisfies the inequality 


rete 27 








f(z) F) 


then f is strongly starlike function of order (. 











<6, zE€E,0<6<1, 








In the present paper, we study the differential operator 


rey Toe (-Fy) 
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and write the sufficient conditions in terms of this operator for f € A to be a member of the 
class U(A, 4, g(z)) and consequently of U(X, 4). In particular, we also derive some sufficient 


_ ZF) 2) 


conditions in terms of the differential operator 1 + 
f(z) fl) 


results of Obradovié et al.) and Irmak and San |] for f € A to be starlike and strongly starlike. 
To prove our main result, we shall use the following lemma of Miller and Mocanu !" (page 


which extend the above 





76). 
zq'(z) 


q(z) 


analytic function p, p(z) #0 in E, satisfies the differential subordination 




















Lemma 1.1. Let g, ¢(z) 4 0 be univalent in E such that is starlike in E. If an 





























then 


and q is the best dominant. 


§2. Main result and applications 
























































/ 
Theorem 2.1. Let g, g(z) 4 0 be univalent in E such that in (= A(z)) is starlike in 
z 
a : 
i. If fe A, f(z) (4) # 0 for all z in E, satisfies the differential subordination 
z 
2f"(2) fe) 
F(w+1)(1 <h(z), z EE, 
fe ay) 


then 


(2) (5) <a(2) =exp| f° MO, 


ie, f €U(A, uw, ¢(Z)) and q is the best dominant. Here yz is a complex number. 


Proof. By setting p(z) = f’(z) ( 





w+ 
) in Lemma 1.1, proof follows. 
































f(z) ma 
Remark 2.1. Consider the dominant q(z) = sae O<a<1, z€E in above 
—2 
theorem, we have 
i / 1 1 os 2 
g (14270 _ 4) _» (1, ON Vesa en 
q'(z) q(z) l-z 1+(1-2a)z 


zq'(z) 

















for allO < a <1. Therefore, is starlike in E and we immediately get the following result. 


q\z 














u+1 
Theorem 2.2. For a complex number p, if f € A, f’(z) (4B) # 0 for all zin E 
z 


satisfies the differential subordination 


zf"(z) 
f(z) 




















zek, 


zf'(z) 2(1—a)z 
wee (: rs) G@-a0 +0 — 2a)’ 
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then 

















, e\'" 19 —2ae 
re) (5) ag ae ae 


Taking ps = 0 in above theorem, we obtain the following result of Billing ©). 


/ 
Corollary 2.1. If f € A, anti # 0 for all z in E, satisfies the condition 
Zz 


_2f"(2) _ 2f2) |, 2(1 = az seE 
f(z) f(@) A 2) + (= 2a)z)’ 
































then 
zf'(z) 7 1+(1- 2a)z 
f(z) l-z 


i.e., f is starlike of order a. 














,O<a<1,zeEE 





/ 
Remark 2.2. Setting a = 0 in the above corollary, we obtain: Suppose f € A, 2F (2) #0 


f(z) 














for all z in E, satisfies 





_ af (2) 2zf'(z) 2z 
FG) Fe) “T= 


then f is starlike, where F(E) =C\{weC: R(w) =0, |S(w)] > 1}. 





= F(z), (2) 














2f"(z) _ 2f'(2) 
f(z) F(z) 
largely over the result of Obradovié et al. [) stated in Theorem 1.1. When the above said 


operator takes the values in the unit disk, then f € A is starlike by Theorem 1.1. But in 
view of the result in (2), the same operator can take values in the complex plane C except two 


slits R(w) = 0, |S(w)| > 1. The dark portion of the Figure 2.1 is the region of variability of 
_ f(z) 2f(2) 


the differential operator 1 + —) (2) f( in view of Theorem 1.1 whereas the region of 
z z 
variability is extended to the total shaded region (dark + light) in the light of the result in (2). 








This result extends the region of variability of the differential operator 1+ 














Figure 2.1 
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“in Theorem 2.1, 
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Remark 2.3. Consider the dominant q(z)=1+Az, 0<A<1, z€ 
1 
( ) >0, zEE 


1+ rz 











we have 





1) _ 0) _» 


a(S 





! and we have the following result. 











/ 
ag (2) is starlike in 

































































for all 0 < A <1. Therefore, 
q(2) 
2" 
Theorem 2.3. Suppose f € A, f’(z) (5 ;) # 0 for all z in E, satisfies 
z 
zf"(z) zf'(z) Az 
1){1 Y 
me Ter ( fe) ) <T+x2 7©™ 
where py is a complex number, then 
gz \er 
r@) (5) -1) <A, 0<A<1, zeE, 
OV 
ie., f €U(A, p). 
Selecting = 0 in above theorem, we obtain: 
/ 
ae) # 0 for all z in E, satisfies the condition 





Corollary 2.2. If f € A, 
fz 


) 
2) FQ) oe 
Fe) fla) ~ Te 7S” 





























then 








FO 1) <2, O<A<1, ze 














1— 
Remark 2.4. Let the dominant in Theorem 2.1 be g(z) = aes), a>l1,zé 
We 














little calculation yields 
= ) >0, zEE 


OO) eS 








" (: ey gta) 


! and we obtain the following result. 




















rf 
Therefore, eat) is starlike in 
q(2) 
g yer 
Theorem 2.4. Let a > 1 be a real number and let f € A, f’(z) (45) # 0 for all z 
: 

















i, Satisfy the differential subordination 
(l-a)z 





























One f'(2) ; 
fay eth ( fle) ) a= a) 
then z 
’ eer a(1 — 2) = 
ra) <*2 ven, 


where js is a complex number. 
Selecting = 0 in above theorem, we obtain: 
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/ 
Corollary 2.3. If f € A, oe # 0 for all z in E, satisfies 
z 


_2i(2)_2f(@) , (-ae oon 
tH) ¥@) ~-ae—a **™ 





























then 

















2f'(z) , a(l—2) 
fi) a— 


,a>1,zeE 


1+2z 
1l-z 


" / 2 
re (1444 O_O) (#5) >o, cE 


q(z) az) Le 


is starlike in E and we obtain the following result. 

















5 
Remark 2.5. Selecting the dominant q(z) = ( ) ,0<6<1, z€ Ein Theorem 


2.1, we have 























zq'(z) 


q(2) 
Theorem 2.5. Let f € A, f’(z) ( 














Therefore, 














p+ 
A) # 0 for all z in E, satisfy the differential 
z 
subordination 


z "(z) 
f(z) 


, poet l+z\° , 
re) (5) <(F#£) o<ssizeE 


Taking = 0 in above theorem, we get: 


Corollary 2.4. If f € A, ve 


zf"(z)  zf'(z) 262 
fe f@ 1-2" 


2fl(z) _, (ltz\° ; 
fe) <() ,0<d<1, zEE 


i.e., f is strongly starlike of order 6. 




















si (0 $) « 


then 


























# 0 for all z in E, satisfies 

















14 





a9 


then 




















Remark 2.6. We, here, make the comparison of the result in above corollary with the 
result in Theorem 1.2. We notice that the region of variability of the differential operator 
1 2f'@) _ 2f'@) 

fe) Fe) 


claim, we consider the following particular case of both the results. For 6 = 1/2 in Corollary 





is extended in Corollary 2.4 over the result in Theorem 1.2. To justify our 











/ 
2.4, we obtain: Suppose f € A, 2f (2) + 0 for all z in E, satisfies 











Fl) 
2) PO 2 _ ey, 
‘+ Fa) Fla) 1-2 . 











then f is strongly starlike of order 1/2 where G(E) =C\{w: R(w) =0, |S(w)| > 1/2}. 
For 3 = 1/2 in Theorem 1.2, we get: If f € A satisfies the inequality 


_2f'@)_2f'®| 1 oon 
mae COMME OMIA aaa 4) 
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then f is strongly starlike of order 1/2. 
2f"(2z) _ 2f"() 
f(z) Fl) 


disk of radius 1/2 with center at origin whereas by (3), the same operator can take values in 


We see that in view of (4) the differential operator 14 takes values in the 





the complex plane C except two slits R(w) = 0, |S(w)| > 1/2 for the same conclusion ie. f 
is strongly starlike of order 1/2. We also justify our claim pictorially in Figure 2.2. The dark 
shaded portion of the figure shows the region of variability of the above said operator in view of 
the result in (4) and in the light of the result in (3), the region of variability is the total shaded 
region (dark + light). 





Figure 2.2 
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Abstract An ideal I is a family of subsets of positive integers N which is closed under taking 
finite unions and subsets of its elements. In [9], Kostyrko et. al introduced the concept of ideal 
convergence as a sequence (xz) of real numbers is said to be J-convergent to a real number 
xo, if for each € > 0 the set {k € N: |x~—2Xo| > €} belongs to J. In this article we introduced 
I-convergence of sequences in topological groups and extensions of a decomposition theorem 
and a completeness theorem to the topological group setting are proved. 
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81. Introduction 


The concept of ideal convergence as a generalization of statistical convergence, and any 
concept involving statistical convergence play a vital role not only in pure mathematics but also 
in other branches of science involving mathematics, especially in information theory, computer 
science, biological science, dynamical systems, geographic information systems, population mod- 
elling, and motion planning in robotics. 

The notion of statistical convergence is a very useful functional tool for studying the con- 
vergence problems of numerical sequences/matrices (double sequences) through the concept of 


density. It was first introduced by Fast [7], and Schoenberg !13! 


, independently for the real 
sequences. Later on it was further investigated from sequence point of view and linked with the 
summability theory by Fridy '°! and many others. The idea is based on the notion of natural 
density of subsets of N, the set of positive integers, which is defined as follows: The natural 


density of a subset of N is denoted by 6(£) and is defined by 
O(F)= lim {ke BE: k <n}, 


where the vertical bar denotes the cardinality of the respective set. In [5], Cakalli introduced 


this notion in topological Hausdroff groups. 


[9] 


The notion of J-convergence was initially introduced by Kostyrko, et. al '! as a generaliza- 


tion of statistical convergence which is based on the structure of the ideal J of subset of natural 
numbers N. Later on it was further investigated from sequence space point of view and linked 


] (11-12) 


with summability theory by Salat, et. a , Tripathy and Hazarika 4—!7] and many other 


authors. 
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A non-empty family of sets I C P(N) (power set of N) is called an ideal in N if and only 


(i) for each A, BEI, we have AUBET; 

(ii) for each A € J and BC A, we have B € I. 

A family F C P(N) is called a filter on N if and only if 

(i) OE F; 

(ii) for each A, BE F, we have AN BEF; 

(iii) for each A € F and BD A, we have Be F. 

An ideal I is called non-trivial if J 4 ¢ and N ¢ J. It is clear that I C P(N) is a non-trivial 
ideal if and only if the class F = F(I) =N-—A: A€Tisa filter on N. The filter F(J) is 
called the filter associated with the ideal J. A non-trivial ideal J C P(N) is called an admissible 
ideal in N if it contains all singletons, i-e., if it contains {{z}: x € N}. 

Recall that a sequence x = (xx) of points in R is said to be J-convergent to a real number 
toif{kEN: |x,—2x0| > ec} € I for every € > 0 (see [9]). In this case we write J—lim x, = Xo. 

Let (a) and (y,) be two real sequences, then we say that x, = yz for almost all k related 
tol (a. a. k. r. 1) ifthe set {k EN: xy 4 yx} belongs to I. 

Throughout the article we consider J to be a non-trivial admissible ideal of N. 

The purpose of this article is to give certain characterizations of [-convergent sequences 
in topological groups and to obtain extensions of a decomposition theorem and a completeness 


theorem to topological groups. 


§2. [-convergence in topological groups 


Throughout the article X will denotes the topological Hausdroff group, written additively, 
which satisfies the first axiom of countability. 

Definition 2.1. A sequence (x,) of points in X is said to be I-convergent to an element 
xo of X if for each neighbourhood V of 0 such that the set 


{KEN: te-a €V} ET 


and it is denoted by J — limz_.oo Zp = Zo. 
Definition 2.2. A sequence (x;) of points in X is said to be I-Cauchy in X if for each 
neighbourhood V of 0, there is an integer n(V) such that the set 


{keEN: Bh -Zyvy EV} El. 


Throughout the article s(X), c’(X), c4(X) and C’(X) denote the set of all X-valued 
sequences, X-valued [-convergent sequences, X-valued J-null sequences and X-valued J-Cauchy 
sequences in X, respectively. 

Theorem 2.1. A sequence (x;,) is J-convergent if and only if for each neighbourhood V 
of 0 there exists a subsequence (a,/(-)) of (%,) such that limp_oo Cpr(r) = Lo and 


{keEN: te — Bp EV} Et. 
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Proof. Let x = (a) be a sequence in X such that I — limp. a, = xo. Let {V,} bea 
sequence of nested base of neighbourhoods of 0. We write EO = {k EN: x,p—29 ¢ V;} for any 
positive integer i. Then for each i, we have E¢+) Cc E© and E € F(I). Choose n(1) such 
that k > n(1), then EM 4 ¢. Then for each positive integer r such that n(p +1) <r < n(2), 
choose k'(r) € E') i.e. xp() #9 € Vi, In general, choose n(p+1) > n(p) such that r > n(p+1), 
then E+) 4 ¢. Then for all r satisfying n(p) < r < n(p+1), choose k’(r) € E) ice. 
Lk'(r) — Lo € Vp. Also for every neighbourhood V of 0, there is a symmetric neighbourhood W 
of 0 such that WUW CV. Then we get 


{REN: a —apypy EV} C{REN: 2, -—2oEW}U{rEN: aye) — 20 ¢ Wh. 
Since I — limp. 2% = Xo, therefore there is a neighbourhood W of 0 such that 
{KEN: re-ato €W}eT 
and lim;—oo Zk(r) = Zo implies that 
{rEN: tery —toEWH El. 


Thus we have 
{kEN: Lk — Li (r) ¢Vhsel. 


Next suppose for each neighbourhood V of 0 there exists a subsequence (x,/(,)) of (a) such 
that lim) +6 Tk! (r) = Zo and 


{keEN: te — ope EVP ed. 


Since V is a neighbourhood of 0, we may choose a symmetric neighbourhood W of 0 such that 
WUW CV. Then we have 


{KEN: te-to EV} C{KEN: p-type) E€WHULrEN: 244,); -20 ¢ WH. 
Since both the sets on the right hand side of the above relation belong to J. Therefore 
{KEN: ce-a €V} ET. 


This completes the proof of the theorem. 

Theorem 2.2. If limy_.o ©, = Up and I — limp .o6 yp = 0, then I — limy_.oo(@~ + YR) = 
limp—+oo Uke 

Proof. Let V be any neighbourhood of 0. Then we may choose a symmetric neighbourhood 
W of 0 such that WUW CV. Since limp. 2, = £0, then there exists an integer no such 
that k > no implies that x, — xy € W. Hence 


{KEN: te-ao Whe T. 
By assumption I — limz_.o0 yx = 0, then we have {kKE N: yx €W} EJ. Thus 


{KEN: (te, -—Xo) + yr GV} C{RKEN: ap-ao GW}U{K EN: y ¢WHET. 
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This implies that I — limg.o.(@% + Ye) = limgoo Lp. 

Theorem 2.3. If a sequence (x;) is I-convergent to vo, then there are sequences (y,) and 
(zy) such that I —limyz_.o. yp = Lo and x, = yx t+ 2p, forallk ee Nand {kKeEN: ay Ayz~f el 
and (z,) is a I-null sequence. 

Proof. Let {V;} be a nested base of neighbourhood of 0. Take no = 0 and choose an 
increasing sequence (n;) of positive integer such that 


{kKEN: te-a0 ¢ Vi} €I fork > no. 
Let us define the sequences (y,) and (zg) as follows: 

Ye =Z, and w%=0, if O<k<ny 
and suppose n; < nj41, for i > 1, 

Ye= at, and z,=0, if r,-—20 € Vi, 


Yr =X and z,=2p—2X, if ry —2Xo ¢ V;. 


We have to show that (i) I — limp. Ye = Xo, (ii) (zm) is a I-null sequence. 
(i) Let V be any neighbourhood of 0. We may choose a positive integer 7 such that V; C V. 
Then yy — %p = @E — Xo € Vj, for k > nj. 
If c, — xo ¢ Vi, then yp — % = %) — Xo =O EV. Hence I — limp oo Ye = Zo. 
(ii) It is enough to show that {sk © N: z, #0} € J. For any neighbourhood V of 0, we 
have 
{KEN: EV} C{KEN: = FO}. 


If np < k < Np4i, then 
{KEN: ze AOKC{KEN: ay — 20 € Vy}. 
Ifp>iand np < k < npy1, then 
{REN: 2.40) C{REN* @,=—29 2 Vp} C{REN: 2, —29 € Vi}. 


This implies that {k € N: z, 40} € I. Hence (z;) is a J-null sequence. 


§3. [-sequential compactness 


Definition 3.1. Let A C X and zp € X. Then 2p is in the J-sequential closure of A if 
there is a sequence (x) of points in A such that I — limp. 2p = Xo. 

We denote J-sequential closure of a set A by A, We say that a set is [-sequentially closed 
if it contains all of the points in its J-sequential closure. 

By a method of sequential convergence, we mean an additive function B defined on a 
subgroup of s(X), denoted by c?(X) into X. 

Definition 3.2. A sequence x = (xx) is said to be B-convergent to xo if x € c?(X) and 
B(x) = 2p. 
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Definition 3.3. A method B is called regular if every convergent sequence x = (xx) is 
B-convergent with B(x) = lima. 

From Definition 3.3, it is clear that, if B = J, then J is a regular sequential method. 

Definition 3.4. A point zo is called a J-sequential accumulation point of A (or is in 
the I-sequential derived set) if there is a sequence x = (x,) of points in A — {xo} such that 
I-lim x = Zo. 

Definition 3.5. A subset A of X is called I-sequentially countably compact if any infinite 
subset A has at least one J-sequentially accumulation point in A. 

Definition 3.6. A subset A of X is called J-sequentially compact if « = (a) is a sequence 
of points of A, there is a subsequence y = (yx,,) of with I-limy = ao € A. 

Definition 3.7. A function f is called [-sequentially continuous at rg € X provided 
that whenever a sequence « = (x,) of points of X is I-convergent to x then the sequence 
f(x) = f((xx)) is I-convergent to f(a). For a subset A of X, f is I-sequentially continuous 
on A if it is J-sequentially continuous at every x € A and is J-sequentially continuous if it is 
I-sequentially continuous on X. 

Lemma 3.1. Any J-convergent sequence of points in X with a J-limit xp has a convergent 
subsequence with the same limit xo in the ordinary sense. 

The proof of the lemma follows from [11] and [17]. 

From the Lemma 3.1, it is clear that J is a regular subsequential method. 

Theorem 3.2. Any I-sequentially closed subset of a J-sequentially compact subset of X 
is [-sequentially compact. 

Proof. Let A be a J-sequentially compact subset of X and EF be a I-sequentially closed 
subset of A. Let « = (xz) be a sequence of points in FE. Then x is a sequence of points in A. 
Since A is I-sequentially compact, there exists a subsequence y = (yx,,) of the sequence (2x) 
such that I — lim y € A. The subsequence (y,,) is also a sequence of points in E and E is 
I-sequentially closed, therefore J —lim y € E. Thus x = (a,) has a I-convergent subsequence 
with I —limy € E, so EF is I-sequentially compact. 

Theorem 3.3. It Any /-sequentially compact subset of X is [-sequentially closed. 

Proof. Let A be any J-sequentially compact subset of X. For any xo € A’ then there 
exists a sequence x = (a) be a sequence of points in A such that J — lima = zo. Since I isa 
subsequential method, there is a subsequence y = (y,) = (ax,.) of the sequence x = (a) such 
that lim; rp, = Lo. Since I is regular, so J — limy = x. By I-sequentially compactness 
of A is, there is a subsequence z = (z,) of y = (y,) such that J — limz = yg € A. Since 
lim, 2r = o and J is regular, so J — lim z = xp. Thus 29 = yo and hence xp € A. Hence A 
is [-sequentially closed. 

Corollary 3.4. Any J-sequentially compact subset of X is closed in the ordinary sense. 

Theorem 3.5. A subset of X is I-sequentially compact if and only if it is [-sequentially 
countably compact. 

Proof. Let A be any J-sequentially compact subset of X and E be an infinite subset of 
A. Let x = (xx) be a sequence of different points of FE. Since A is I-sequentially compact, this 
implies that the sequence x has a convergent subsequence y = (y;) = (g,.) with I—limy = a. 
Since I is subsequential method, y has a convergent subsequence z = (z,) of the subsequence y 
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with lim, 2p = £0. By the regularity of I, we obtain that xo is a J-sequentially accumulation 
point of E. Then A is J-sequentially countably compact. 

Next suppose A is any I-sequentially countably compact subset of X. Let « = (ap) be a 
sequence of different points in A. Put G = {z,: k € N}. If G is finite, then there is nothing 
to prove. If G is infinite, then G has a I-sequentially accumulation point in A. Also each set 
Gy, = {t, : n> k}, for each positive integer n, has a J-sequentially accumulation point in A. 
Therefore ne.G,’ # ¢. So there is an element x € A such that x9 € Cc. Since I is a regular 
subsequential method, so x9 € Gn. Then there exists a subsequence z = (2,-) = (ax,.) of the 
sequence x = (x,) with I — lim z € A. This completes the proof. 

Corollary 3.6. A subset of X is J-sequentially compact if and only if it is sequentially 
countably compact in the ordinary sense. 

Corollary 3.7. A subset of X is [-sequentially compact if and only if it is countably 
compact in the ordinary sense. 

Theorem 3.8. The J-sequential continuous image of any J-sequentially compact subset 
of X is I-sequentially compact. 

Proof. Let f be any J-sequentially continuous function on X and A be any J-sequentially 
compact subset of X. Let y = (yx) = (f(a~)) be a sequence of points in f(A). Since A is 
I-sequentially compact, there exists a subsequence z = (z,) = (x,.) of the sequence xz = (2x) 
with J —lim zA. Then f(z) = (f(z,r)) = (f(&x,.)) is a subsequence of the sequence y. Since f is 
I-sequentially continuous, J — lim(f(z,)) = f(x) € f(A). Then f(A) is I-sequentially compact. 

Corollary 3.9. A I-sequentially continuous image of any sequentially compact subset of 
X is sequentially compact. 

Theorem 3.10. If X is J-sequentially compact, then X is complete. 

Proof. Let « = (2,) be a Cauchy sequence of points of X. As X is I-sequentially compact, 
there exists a convergent subsequence y = (yz,.) of the sequence x such that J —limy = xo € 
A. By the Theorem 2.1, there exists a subsequence z = (zZx,.) of the sequence y such that 
lim,—o 2k, = Zo. Hence (x) is converges. This completes proof of the theorem. 


References 


1] J. Antoni and T. Salat, On the A-continuity of real functions, Acta Math. Univ. 
Comenian, 39(1980), 159-164. 

2) V. Balaz, J. Cervenansky, P. Kostrysko and T. Salat, I-convergence and J-continuity 
of real functions, Acta Math., 5(2002), 43-50. 

3] J. Boos, Classical and Modern Methods in Summability, Oxford Univ. Press, 2000. 

4] H. Cakalli and B. Thorpe, On summability in topological groups and a theorem of D. 
L. Prullage, Ann. Soc. Math. Polon. Comm. Math. Ser I, 29(1990), 139-148. 

5] H. Cakalli, On statistical convergence in topological groups, Pure Appl. Math. Sci., 
43(1996), No. 1-2, 27-31. 

6] J. Connor and K. G. Grosse-Erdmann, Sequential definition of continuity for real func- 
tions, Rocky Mountains Jour., 33(2003), No. 1, 93-121. 

7| H. Fast, Sur la convergence statistique, Collog. Math., 2(1951), 241-244. 








48 Bipan Hazarika No. 4 





8] J. A. Fridy, On statistical convergence, Analysis, 5(1985), 301-313. 

9] P. Kostrysko, T. Salat and W. Wilczynski, J-convergence, Real Anal. Exchange, 
26(2000-2001), No. 2, 669-686. 

10] D. L. Prullage, Summability in topological group, Math. Z., 96(1967), 259-279. 

11] T. Salat, B. C. Tripathy and M. Ziman, On some properties of J-convergence, Tatra 
Mt. Math. Publ., 28(2004), 279-286. 

12) T. Salat, B. C. Tripathy and M. Ziman, On J-convergence field, Italian Jour. Pure 
Appl. Math., 17(2005), 45-54. 

13] I. J. Schoenberg, The integrability of certain functions and related summability meth- 
ods, Amer. Math. Monthly, 66(1951), 361-375. 

14] B. C. Tripathy and B. Hazarika, I-convergent sequence spaces associated with multi- 
plier sequences, Math. Ineq. Appl., 11(2008), No. 3, 543-548. 

15] B. C. Tripathy and B. Hazarika, Paranorm J-convergent sequence spaces, Math. Slo- 
vaca, 59(2009), No. 4, 485-494. 

16] B. C. Tripathy and B. Hazarika, Some J-convergent sequence spaces defined by Orlicz 
function, Acta Mathematica Applicatae Sinica, 27(2011), No. 1, 149-154. 

17] B. C. Tripathy and B. Hazarika, J-Monotonic and J-Convergent Sequences, Kyungpook 
Math. J., 51(2011), No. 2, 233-239. 








Scientia Magna 
Vol. 7 (2011), No. 4, 49-81 


A summation formula including 
recurrence relation 


Salahuddin 


P. D. M College of Engineering, Bahadurgarh, Haryana, India 
E-mail: sludn@yahoo.com vsludn@gmail.com 


Abstract The aim of the present paper is to establish a summation formula based on half 


argument using Gauss second summation theorem. 


Keywords Contiguous relation, gauss second summation theorem, recurrence relation. 
A. M.S. Subject Classification 2000: 33C60, 33C70. 


§1. Introduction 


Generalized Gaussian Hypergeometric function of one variable is defined by 


iy tac aes 
AFB 
bis Ven ae 
or 
(aa) 3 
AFB z 
(bp) 3 


where the parameters b;, bg, --- 


non-negative integers. 


= ap 





aj a 3 oe 
a ((aa))n2* 


“| & (Op) ak 


(1) 
(b;) Fay 3 


, bg are neither zero nor negative integers and A, B are 


Contiguous Relation is defined by 
{ Andrews p.363(9.16), E.D.p.51(10), H.T.F.I p.103(32)] 


a, b; 


(a — b) oFy z =a oF 


Cc; 


at+1,6; a, b+1 ; 


1 


z —boF, z : (2) 
c } Cc; 


Gauss second summation theorem is defined by [Prud., 491(7.3.7.5)] 


a, b ; 


oF, 


a+b+1. 
2 


d 


1 


2 





T( othr) T 5) 
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In a monograph of Prudnikov et al., a summation theorem is given in the form [Prud., 
p.491(7.3.7.3)] 


p(ateet 9 r(2te4) 


Te) res) Tare 








(4) 








Now using Legendre’s duplication formula and Recurrence relation for Gamma function, the 


above theorem can be written in the form 














ab 3 af 20D rte [ry ae) gy (4) TH?) 
Tasty * (5) 


atv, 2) ~ P(b) st) | {T(a)}? 


Recurrence relation is defined by 


T(z+1)=zT(z). (6) 


§2. Main summation formula 


a, b; 
oF, 


Nl rR 


a+b+32 , 


, 





9b T( a+ sun) 
(a — b) Tb) 
: Fi b) ea — 2322150583173120a? + 1606274243887104a?) 


2 
T(2 14 15 
@) (I fa— 0-263) ( If {a— 0+ 2n}) 
¢=0 n=1 
32768(—636906005299200a4 + 163554924216320a°) 
14 15 
( Il {a-b-2¢}) ( I] {a - 6+ 2n}) 
¢=0 n=1 
, 32768(—29011643781120a" + 3688786669568a" ) 
14 15 
( Il {a-b—2¢}) ( I] {a - 6+ 2n}) 
¢=0 n=1 
32768(—343226083200a® + 23578343360a?) 
14 15 
( I {ab 2¢}) ( I] {a — 0+ 2n}) 
¢=0 n=1 
, 32768(— 119399280001" + 43995952a1! — 1146600a!?) 
14 15 
( I] {a-b—2¢})( I {a— b+ 2n}) 
¢=0 HH 1 
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, 32768(20020a"" — 210a" + a! + 1428329123020800b + 8525223163330560a7b) 
14 15 
( Il {a-b-2¢}) ( I] {a — 0+ 2n}) 
¢=0 n=1 
32768 (—2182234506854400ab + 1969113895649280a*b) 
14 15 
( Il {a-b-2¢}) ( I] {a - b+ 2n}) 
¢=0 n=1 
32768 (—264966591528960a°b + 82650036080640a°b) 
14 15 
( Il {a-b-2¢h) ( I] {a - 6+ 2n}) 
¢=0 n=1 
32768(—6233334240000a7b + 920583637440a%b) 
14 15 
( Il {ab 2¢}) ( I {a - 0+ 2n}) 
¢=0 n=1 
' 32768(—39161191680a% + 3018684240a!% — 67407600a1!b) 
: 14 15 
( Il {a—b-2¢h) ( I] {a - 6+ 2n}) 
¢=0 g=1 
32768(2691780a17b — 24360a!3b + 435a!4b) 
14 15 
( Il {a—-2¢}) ( TI {a - b+ 2n}) 
¢=0 n=1 
; 32768 (2322150583173120b7 + 8525223163330560ab7) 
: 14 15 
( Il {a—b-2¢}) ( I] {a - 6+ 2n}) 
¢=0 n=1 
, 32768(5852172660080640a"b" — 528194276167680a*b2 + 497028396625920a°b7) 
14 15 
( Il {a-b—2¢}) ( I {a— + 2n}) 
¢=0 n=1 
32768 (—30401221536000a°b? + 9824497355520a"b?) 
14 15 
( Il {a-b-2¢}) ( II {a— b+ 2n}) 
¢=0 n=1 
32768 (—363512823840a8b? + 54807626640a°b") 
14 15 
( Il {a-b— 2¢}) ( I] {a - 6+ 2n}) 
¢=0 HH=1 
32768(—1104760800a!°b? + 85096440a!!b? — 712530a!2b7) 
14 15 
( Il {a-b- 2¢}) ( I] {a - 0+ 2n}) 
¢=0 H=L 
32768(27405a!8b? + 1606274243887104b°) 
14 15 
( Il {a-b-2¢}) ( I] {a - 0+ 2n}) 
¢=0 n=l 


_, 32768(2182234506854400ab" + 5852172660080640a7b3 + 1153266031104000a‘*b?) 
15 


(Th {e—b- 20) I] {ab + 2n}) 


n=l 
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32768 (—46525375584000a°b? + 42437501433600a°b?) 
14 15 
( Il {a-b-2¢})( I] {a- 0+ 2n}) 
¢=0 n=l 
32768(—1285763673600a"b? + 404597084400a°b°) 
14 15 
( II {a-b—2¢}) ( I] {a — + 2n}) 
¢=0 HHL 
32768 (—7227090000a°b? + 1052508600a1°b? — 8143200a1*b3) 
14 15 
( Il {a-b-2¢}) ( I {a— 0+ 2n}) 
¢=0 n=l 
32768(593775a!7b3 + 6369060052992000*) 
14 15 
( Il {a—b-2¢}) ( I {a- b+ 2n}) 
¢=0 n=1 
, 32768(1969113895649280ab" + 528194276167680a7b* + 1153266031104000a%b*) 
14 15 
( II {a-b—2¢}) ( I] {a - 6+ 2n}) 
¢=0 gal 
_, 32768(85800120220800a? 6! _ 1679965963200a°%b*) 
14 15 
( II {a-b—2¢}) ( I] {a - 6+ 2n}) 
¢=0 n=1 
32768(1438362021600a"b* _ 20980485000a°b*) 
14 15 
( II {a—-2¢}) ( I] {a — 0+ 2n}) 
¢=0 n=l 
32768 (6230113500a%b* — 42921450a!b* + 5852925a!1b4 + 163554924216320b°) 
14 15 
( Il {a—-2¢}) ( TI {a - b+ 2n}) 
¢=0 n=l 
32768 (264966591528960ab° + 497028396625920a7b°) 
14 15 
( Il {a-b-2¢}) ( I] {a- 0+ 2n}) 
¢=0 n=1 
32768 (46525375584000a3b° + 85800120220800a*b° ) 
14 15 
( Il {a-b—2¢})( I] {a- 0+ 2n}) 
¢=0 H=1 
_, 32768(2667136741920a% — 24708348000a7b® + 19527158700a8b® — 109254600a°b° ) 
14 15 
( II {a-b-2¢}) ( I] {a - 6+ 2n}) 
¢=0 n=1 
32768 (30045015a1°b° + 290116437811200°) 
14 15 
( Il {a-b-2¢}) ( I] {a - 6+ 2n}) 
¢=0 n=1 
_, 32768(82650036080640ab" + 30401221536000a70°) 


15 


( Th {o->- 204) I] {a—b + 2n}) 


n=1 
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32768 (42437501433600a3b° + 1679965963200a*b°) 
14 15 
( Il {a-b-2¢}) ( I] {a- b+ 2n}) 
¢=0 n=1 
32768 (2667136741920a°b® + 34171477200a"b°) 
14 15 
( Il {a-b-2¢})( I {a— 0+ 2n}) 
¢=0 n=1 








, 32768(—119759850a°6" + 86493225a°b° + 3688786669568b’ + 6233334240000ab’ ) 





14 15 
( Il {a-b—2¢}) ( I] {a - b+ 2n}) 
¢=0 n=1 
32768(9824497355520a7b" + 1285763673600a°b" ) 
14 15 
( Il {2-0 2¢}) ( TI {a - + 2n}) 
¢=0 q=1 





, 32768(1438362021600a%b" + 24708348000a°b") 





(11 fo — b—2¢}) (II t« — b+ 2n}) 


32768(34171477200a°D" + 145422675a°b" + 343226083200b8) 





14 15 
( Il {a—b~ 2¢}) ( I] {a - 5+ 2n}) 
¢=0 n=l 
32768 (920583637440ab® + 363512823840a7b°) 
14 15 
( Il {a—b~ 2¢}) ( I] {a- 5 + 2n}) 
¢=0 n=1 





_, 32768(404597084400a"6* + 20980485000a*b8 + 19527158700a°b°) 





14 15 
( Il {a-b- 2¢}) ( I {a - 0+ 2n}) 
c=0 n=1 
32768(119759850a°%bS + 145422675a7b®) 
14 15 
( Il {a- 0 2¢}) ( I] {a - + 2n}) 
¢=0 n=1 
32768 (23578343360b° + 39161191680ab? + 54807626640a7b°) 
14 15 
( Il {a-b-2¢})( I] {a- 0+ 2n}) 
¢=0 n=1 
32768(7227090000a3b° + 6230113500a4b°) 
14 15 
( II {a-b—2¢}) ( I] {a - 5+ 2n}) 
¢=0 n=l 


32768(109254600a°b® + 86493225a°b? + 1193992800b'°) 
15 


14 
( Il {a-b—2¢})( I {a- b+ 2n}) 
c=0 n=1 
32768 (3018684240ab!° + 1104760800a7b'°) 
15 


( I fo—>~203)( [I {a—b + 2n}) 


n=1 
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32768(1052508600a2b!° + 42921450a*b!° + 30045015a°b!°) 
14 15 
( Il {a—b—2¢}) ( I] {a—b+2n}) 
¢=0 n=l 
32768(43995952b'! + 67407600ab'!) 
14 15 
( Il {a—b-2¢}) ( I {a—b + 2n}) 
¢=0 g=1 
32768(85096440a7b"! + 8143200a°b"! + 5852925a*b!!) 
14 15 
( Il {a-b-2¢}) ( I] {a - b+ 2n}) 
c=0 q=1 
32768(1146600b'? + 2691780ab!? + 712530a7b'?) 
14 15 
( Il {a—-2¢}) ( TI {a— + 2n}) 
¢=0 n=l 
BS 32768(593775a°b!? + 20020b13 + 24360ab13 + 27405a7b13 + 210b14 + 435ab!4 + bt) 
14 15 
( IL {a- 5 -2¢}) ( [I {a - 0+ 2n}) 
¢=0 gal 
655360(1428329123020800 + 470423898685440a) 
15 14 
( I {a —b— 2a}) ( I {a b+ 23}) 
a=0 B=1 
65536b(2328961922629632a? + 381117697130496a?) 
15 14 
( I {a-b-2a})( TI {a— b+ 26}) 
a=0 B=1 
a 655360(316734590500864a* + 29456251432960a°) 
15 14 
( Il {a—b—2a}) ( I {a b+ 25}) 
a=0 B=1 
65536b(9279610167296a® + 511595950208a’ ) 
15 14 
( II {e- 5 2a}) ( TI {a— 0+ 26}) 
a=0 pg=1 
655360(77189562432a® + 2483214240a° + 193882832a!°) 
15 14 
( I {a —b— 2a}) ( Il {a — b+ 23}) 
a=0 B=1 
65536b(3327896a'" + 131404a'? + 910a"*) 
15 14 
( II {a-b-2a}) ( TI {a— b+ 26}) 
B=1 






































a=0 


65536b(77189562432a8 + 2483214240a9 + 193882832a1°) 
15 14 


( I] {a —b—2a}) ( I] {a5 + 26}) 


a=0 p= 
655360(3327896a"! + 131404a'? + 910a'3) 


( [I (a ~b—2a}) ( [I {a~ 0+ 293) 








a=0 
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4 655360(15al4 — 470423898685440b + 5473573561958400ab + 503214007025664a7b) 





15 14 
( Il {a—b—2a}) ( Il {a —b + 23}) 
a=0 p=. 
65536b(1969528317345792ab + 150112771248128a*b) 
15 14 
( Il {a —b— 2a}) ( Il {a — b+ 23}) 
a=0 B=1 





655366(112539365949440a°b + 5581588819072a°b) 





15 14 
(II (« —b—2a}) (Ih ta —b+23}) 


65536b(1638717738496a"b + 49573632864a%b + 69997137604) 





(I ta —b—2a}) (Ite — b+ 26}) 
65536b(116414584a"b + 8390512a"b) 
( il {a —b— 2a}) ( I {a—-+28}) 
a=0 B= 





4 65536(58058a!2b + 2030a'3b + 2328961922629632b? — 503214007025664ab7) 





15 14 
(II f@ —b—2a}) (Th ta —b+28}) 


65536(3412315664252928a7b? + 129681106132992a3b? + 423536993230848a‘b") 





15 14 
(II (a — b—2a}) (Ih ta — b+ 23}) 


655366(16628085832320a°b? + 11189308499712a°%b?) 





15 14 
( II {a-b-2a})( TI {a—b+26}) 
a=0 p=1 
65536b(300862325376a’b? + 80994977424a°b") 
15 14 
( Il {a-b—2a})( [I {a- b+ 23}) 
a=0 p=1 
65536b(1263236520a°b? + 163524504019)? + 1099332a1!b?) 
15 14 
( Il {a —b— 2a}) ( il {a— b+ 23}) 
a=0 B=1 








, 65536(71253a!2b? — 381117697130496b?) 





15 14 
(I {a —b—2a}) (Ita — b+ 25}) 


655366(1969528317345792ab? — 129681106132992a7b? + 645921311784960a2b") 





14 


( Il {a—b- 2a})( [I {a-b+ 26}) 


a=0 


4. 655360(11831795932800a4b? + 33081548382720a°b*) 





( I] {ab ~2a})( [I {a—b+29}) 


a=0 B=1 
65536b(686621093760a°%b? + 413821722240a"b?) 


( Il {a~b~20}) ( II {a—b+201) 





a=0 
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65536b(5675445000a8b? + 138660600009? + 8708700a!°b3) 
15 14 
( I {a-b—2a}) ( [I {a- b+ 23}) 
a=0 B=1 
65536b(1017900a!"b? + 316734590500864b*) 
15 14 
( Il {a-b—2a})( I] {a — b +.23}) 
a=0 p=1 
65536b(—150112771248128ab* + 423536993230848a7b*) 
15 14 
( Il {a-b—2a}) ( [I {ab + 23}) 
a=0 B=1 
65536b(—11831795932800a3b* + 47032752624000a4b*) 
15 14 
( I] {¢-5-2a}) ( TI {a—b+ 25}) 
a=0 Bp=1 
_, 655360(436682232000ab! + 10604419560000°!) 
15 14 
( II {a-b- 2a})( TI {a—b+ 26}) 
a=0 B=1 
65536b(11019106800a7b! + 5939968500a8b*) 
15 14 
( II {a-5-2a}) ( TI {a— b+ 26}) 
a=0 B=1 


655360(32516250a9b* + 7153575a!°b* — 29456251432960b° + 112539365949440ab’ ) 























15 14 
(II (a —b—2a}) (1 ta —b+28}) 


65536b(—16628085832320a7b° + 33081548382720a3b" ) 





15 14 
( Il {a —b—2a}) ( Il {a — b+ 23}) 
a=0 B=1 
_, 655360(—436682232000a"b* + 1443061650240a°b°) 
15 14 
( Il {ab — 2a}) ( [] {ab + 23}) 
a=0 B=1 
65536b(6518297520a°b° + 13870291680a7b° + 56728350a8b") 
15 14 
( I {¢-5-2a}) ( TI {a—b+ 26}) 
a=0 B=1 
65536b(27313650a°b° + 9279610167296b°) 
15 14 
( IL {a—b-20})( TI I {a-b+2p}) 


gases 











(— sss + 11189308499712a7b°) 
(I [{a—b—2a}) ( [1 {a—b+28)) 
= 


686621093760a°b® + 1060441956000a40°) 





_, 655360 
(It {a —b—2a}) (Ite — b+ 26}) 
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65536b(—6518297520a°b® + 18331241040a°b® + 31935960a‘b°) 
15 14 
( I] {¢-5- 2a}) ( TI {a—b+ 26}) 
a=0 p= 
655360(59879925a5b® — 5115959502080" ) 
15 14 
( I {¢-b-2a}) ( TI {a— 0+ 26}) 
a=0 B=1 


65536b(1638717738496ab’ — 300862325376a70" ) 











15 14 
(II (a —b—2a}) (11 ta — b+ 28}) 


65536b(413821722240a3b" — 11019106800a‘b" ) 





15 14 
(It —b—2a}) (Ih ta —b+23}) 


_, 855360(13870291680a°b" — 319359600" + 7558760a"b") 





15 14 
( II {¢-b-2a}) ( TI {a— b+ 26}) 
a=0 B=1 
65536(77189562432b° — 49573632864ab*) 
15 14 
( I] {e-b- 2a})( TI {a—b+ 26}) 
a=0 B=1 


65536b(80994977424a7b® — 5675445000438 + 5939968500a*b*) 








15 14 
(II t@ —b—2a}) (Ita — b+ 26}) 


65536b(—56728350a°d® + 59879925a°b®) 





14 


15 
(1 —b—2a}) (11 ta — b+ 23}) 





65536b(—2483214240b° + 6999713760ab® — 1263236520a2b") 
15 14 
( Il {a —b— 2a}) ( [I {a—b + 23}) 
a=0 B=1 
65536b(1386606000a2b9 — 325162504?) 
15 14 
( Il {a —b— 2a}) ( I] {ab + 23}) 
a=0 B=1 
65536b(27313650a°b° + 1938828326! — 116414584ab!°) 
15 14 
( I {a—b— 2a}) ( Il {a b+ 23}) 
a=0 B=1 


655360(163524504ab'° — 8708700a2b°) 
14 


(I ta — b—2a})( H{a-6+ 26}) 


B= 














, 655366(7153575a°b" — 3327896b'! + 8390512ab!') 





14 


( I {a—b—2a})( JI {a—b+26}) 


a=0 


, 655366(—1099332a*b"? + 1017900a3b1! + 131404b'”) 





a=0 


( I {a~b—2a}) ( II {a—b+201) 
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65536b(—58058ab!? + 71253a7b!? — 910b!8 + 2030ab!3 + 15b!4) 
15 14 
( Il {a-b-2a}) ( il {a- b+ 28}) 
a=0 B=1 
re) { 65536a(1428329123020800 — 470423898685440a + 232896 1922629632a7) 
T a+1 14 15 
ae ( {a5 2¢}) ( [fa 5+ 2n}) 
¢=0 n=l 
65536a(—381117697130496a3 + 316734590500864a*) 
14 15 
( II {a-b—2¢}) ( I] {a - b+ 2n}) 
¢=0 n=1 
65536a(—29456251432960a° + 9279610167296a°) 
14 15 
( II {a—b-2¢}) ( I {a - + 2n}) 
¢=0 gal 
65536a(—511595950208a7 + 77189562432a° — 2483214240a?) 
14 15 
( Il {a- 5 -2¢}) ( [I {a - 0+ 2n}) 
¢=0 n=1 
65536a(193882832a!° — 3327896a1") 
14 15 
( Il {a-6~2¢}) ( TI {a - 0+ 2n}) 
¢=0 n=1 
x 65536a(131404a!? — 910a!3 + 15a!4 + 470423898685440b + 5473573561958400ab) 
14 15 
( Il {a—b~ 2¢}) ( I] {a - 5 + 2n}) 
¢=0 n=1 
~ 65536a(—503214007025664a7b + 1969528317345792a3b — 150112771248128a4b) 
14 15 
( Il {a—b~ 2¢}) ( I] {a - 5 + 2n}) 
¢=0 n=l 
65536a(112539365949440a°b _ 5581588819072a°b) 
14 15 
( Il {a-b-2¢}) ( I] {a - b+ 2n}) 
¢=0 n=1 
; 65536a(1638717738496a"b _ 49573632864a°b) 
/ 14 15 
( I] {a-b-2¢})( I] {a- 0+ 2n}) 
¢=0 n=l 
4. 65536a(6999713760a°% — 1164145840!) + 8390512a!b — 58058a!2b + 2030a1%b) 
14 15 
( Il {a—b~2¢}) ( I] {a- 5 + 2n}) 
¢=0 n=1 
x 65536a(2328961922629632b7 + 503214007025664ab? + 3412315664252928a7b") 
14 15 
( Il {a-5-2¢}) ( TI {a - 0+ 2n}) 
¢=0 H=1 
65536a(—129681106132992a3b? + 423536993230848a*b? — 16628085832320a°b7) 
: 14 15 
( I {a—b-2¢}) ( I {a— + 2n}) 
¢=0 n=l 











tO 
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, 65536a(11189308499712a°b" — 300862325376a"b") 





14 15 
( Il {a-b—2¢})( I] {a— b+ 2n}) 
¢=0 n=1 
65536a(80994977424a8b? _ 1263236520a°b7) 
14 15 
( Il {a—b~2¢}) ( I] {a - 5 + 2n}) 
¢=0 q=l 
65536a(163524504a!°b? — 1099332a!1b2 + 71253a!7b7) 
14 15 
( Il {a-b— 2¢}) ( I] {a - + 2n}) 
¢=0 n=1 
65536a(381117697130496b? + 1969528317345792ab°) 
14 15 
( II {a-b-2¢}) ( I] {a - 6+ 2n}) 
¢=0 n=1 











, 65536a(129681106132992a"b" + 645921311784960a3b?) 





(IL fo — b—2¢}) (IIa — b+ 2n}) 


, 65536a(—11831795932800atb* + 33081548382720a°b?) 





(11 — b—2¢}) (Ito —b+2n}) 


. 65536a(—686621093760a°b? + 413821722240a7b?) 





14 15 
( Il {a-5~2¢}) ( TI {a - 0+ 2n}) 
¢=0 n=1 
65536a(—5675445000a%b* + 138660600009") 
14 15 
( I {a-b-2¢})( I {a— 0+ 2n}) 
¢=0 n=1 





, 65536a(1017900a!"bY — 8708700a1°b? + 316734590500864b* + 150112771248128ab*) 





14 15 
( Il {a-b-2¢}) ( I] {a - b+ 2n}) 
¢=0 geal 
65536a(423536993230848a2b* + 11831795932800a°b*) 
14 15 
( Il {a--2¢}) ( I] {a b+ 2n}) 
¢=0 n=l 
65536a(47032752624000a*b4 _ 436682232000a°b*) 
14 15 
( Il {a-b—2¢})( I {a— 0+ 2n}) 
¢=0 n=l 








, 65536a(1060441956000a"6* — 11019106800a7b* + 5939968500a°b*) 





14 15 
( Il {a-b-2¢})( I {a- 0+ 2n}) 
¢=0 n=l 
65536a(—32516250a9b! + 7153575a!°b*) 
15 


( Th fe—0-209)( I] {a — b+ 2n}) 


n=1 
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, 65536a(294562514329606° + 112539365949440ab” ) 
14 15 
( Il {a-b-2¢}) ( I] {a - 0+ 2n}) 
¢=0 n=1 
65536a(16628085832320a7b° + 33081548382720ab°) 
14 15 
( Il {2-0 2¢})( I {a- 0+ 2n}) 
¢=0 n=l 
65536a(436682232000a*b° + 1443061650240a°b° ) 
14 15 
( Il {a-b- 2¢})( I] {a - + 2n}) 
¢=0 n=1 
65536a(—6518297520a°b° + 13870291680a"b?) 
14 15 
( Il {a-b-2¢}) ( I] {a - 6+ 2n}) 
¢=0 n=1 
, 65536a(—56728350a"b° + 27313650a°b° + 9279610167296b® + 5581588819072ab®) 
14 15 
( II {a—b-2¢}) ( I] {a — b+ 2n}) 
¢=0 q=1 
, 65536a(11189308499712a7b? + 686621093760a30° ) 
14 15 
( Il {a—-2¢}) ( TI {a— + 2n}) 
¢=0 H=1 
65536a(1060441956000a*b® + 6518297520a°b°) 
14 15 
( Il {2-0 2¢})( I] {a— b+ 2n}) 
¢=0 n=l 
65536a(18331241040a°%D® — 31935960a7b® + 59879925a8b°) 
14 15 
( Il {a-b-2¢}) ( I] {a - 6+ 2n}) 
¢=0 n=1 
65536a(511595950208b7 + 1638717738496ab’ ) 
14 15 
( Il {a--2¢}) ( I] {a - b+ 2n}) 
¢=0 n=1 
65536a(300862325376a2b" + 413821722240a%b") 
14 15 
( Il {a-b-2¢}) ( I] {a - 6+ 2n}) 
¢=0 g=1 
65536a(11019106800a*b" + 13870291680a°b’) 
14 15 
( Il {a-b— 2¢}) ( I] {a — + 2n}) 
¢=0 n=l 
65536a(31935960a°" + 77558760a7b" + 7718956243208) 


14 15 
( II {a--2¢}) ( TE {a - + 2n}) 
¢=0 n=1 
65536a(49573632864ab® + 80994977424a7b°) 
15 


(Th {o--204)( [I {a —b + 2n}) 


n=1 









































Vol. 7 


A summation formula including recurrence relation 61 





65536a(5675445000ab + 5939968500a4b8 + 56728350a°b8) 
14 15 
( II {a-b-2¢}) ( I] {a - 6+ 2n}) 
¢=0 n=1 
65536a(59879925a°b® + 2483214240b°) 
14 15 
( Il {a-b-2¢}) ( I] {a - 6+ 2n}) 
¢=0 n=1 


65536a(6999713760ab9 + 1263236520ab° + 1386606000a%b?) 











( [fa —5~2¢})( TI fa—5+2n}) 
¢=0 n=l 
65536a(32516250a%b° + 27313650a%°) 
(IL fo — b—2¢}) (Ito — b+ 2n}) 


65536a(193882832b1° + 116414584ab!? + 163524504a7b'°) 








( [I {a—b—2c}) ( [I {a — 6+ 2n}) 
¢=0 n=1 
65536a(870870003b!° + 7153575a4b"”) 
(IL fo —b- 2¢}) (IIo —b+ 2n}) 


65536a(3327896b'! + 8390512ab1! + 1099332ab'") 








(11 fo — b—2¢}) (II t« — b+ 2n}) 


65536a(1017900a3b'! + 131404b¥ + 58058ab!) 





(IL fo — b—2¢}) (Ito — b+ 2n}) 


, 65536a(712530"b"? + 910b13 + 2030ab18 + 15b"4) 





14 15 
( II {a--2¢}) ( I] {a— b+ 2n}) 
¢=0 n=1 
32768(1428329123020800a + 2322150583173120a7) 
15 14 
( Il {a -b— 2a}) ( il {a—b + 28}) 
a=0 B=1 





; 32768(1606274243887104a* + 636906005299200a*) 





15 14 
(II (a —b—2a}) (1 ta — b+ 23}) 


; 32768(163554924216320a° + 29011643781120a°) 





( [1 (a ~b—2a}) ( [I (a~ 0+ 293) 


a=0 


32768(3688786669568a" + 343226083200a°) 





14 


(1 {a —b—2a}) (Ih (a —b+23}) 


=0 
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32768(23578343360a9 + 1193992800a!° + 43995952a!") 
15 14 
( II {a-b-20})( TI {a- 5+ 25}) 
a=0 p=1 
32768(1146600a!? + 20020a'8 + 210a14 + a!) 
15 14 
( Il {a—b—-2a}) ( in {a—b+2}) 
a=0 p=1 
32768(1428329123020800b + 8525223163330560a7b) 
15 14 
( Il {a —b—2a}) ( il {a — b+ 23}) 
a=0 B=1 
32768(2182234506854400a%b + 1969113895649280a‘b) 
15 14 
( I {a-b-2a}) ( il {a— b+ 2}) 
a=0 p=1 
4 32768(264966591528960a°b + 82650036080640a°b) 
15 14 
I {a —b— 2a}) ( il {a b+ 25}) 
a=0 B=1 
32768 (6233334240000a"b + 920583637440a%d) 
15 14 
( I {e-b-2a})( TI {a—b+25}) 
a=0 p=1 
32768(39161191680a%b + 3018684240a1°b + 67407600a"'b) 
15 14 
( II {a-b-2a})( TI {a— b+ 26}) 
a=0 B=1 
32768(2691780a!7b + 24360a'3b + 435a‘4b) 
15 14 
( II {a-5-2a}) ( TI {a—b + 26}) 
a=0 pel 
_, 32768(—23221505831731206° + 8525223163330560ab? + 5852172660080640a3b7) 
15 14 
( II {a-b-2a}) ( TI {a— 0+ 26}) 
a=0 B=1 
32768(528194276167680a*tb? + 497028396625920a°b7) 
15 14 
( I {e-5-2a}) ( TI {a— b+ 25}) 
a=0 B=1 
32768(30401221536000a%b? + 9824497355520a"b?) 
15 14 
( I] {a-b- 2a})( TI {a—0+ 25}) 
a=0 B=1 
32768(363512823840a'b? + 54807626640a9b? + 1104760800a'°b7) 
15 14 
( II {a-b-20}) ( TI {a— 0+ 26}) 
B=1 


a=0 









































32768(85096440a!b2 + 712530a!2b2) 
15 14 
( Il {a—b—2a}) ( [I {a—b + 23}) 


a=0 @=1 
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32768(27405a13b? + 1606274243887104b?) 





15 14 
(I {« —b—2a}) ( Ita — b+26}) 


32768(—2182234506854400ab? + 5852172660080640a7b?) 





15 14 
(I f{@ —b-2a}) (Ita — b+ 26}) 


32768(1153266031104000a*b? + 46525375584000a°b*) 





15 14 
(II (« —b—2a}) (Ih ta — b+ 23}) 


32768(42437501433600a°b? + 1285763673600a"b3) 





15 14 
(1 ( — b—2a}) (Ih (a —b + 23}) 


, 32768(404597084400a"b" + 7227090000a°b? + 1052508600a1°b?) 








15 14 
(II ( — b—2a}) (Ih ta —b+28}) 


32768(8143200a!'b? + 593775a!2b3) 





15 14 
(I {a —b—2a}) (11 ta — b +23}) 


32768(—636906005299200b* + 1969113895649280ab* — 528194276167680a7b*) 





15 14 
(II {a —b-2a}) (I ta — b+ 23}) 


32768(1153266031104000a3b* + 85800120220800a°b*) 





15 14 
(II (« —b—2a}) (Ih ta —b +23}) 


,32768(1679965963200a%" + 1438362021600a7b*) 





15 14 
(II {a —b—2a}) (I ta — b+ 23}) 


32768(20980485000a°b* + 6230113500a°b* + 42921450a!°b*) 





15 14 
(I —b—2a}) ( Tia — b+26}) 


; 32768(5852925a!b+ + 163554924216320b°) 





15 14 
(II t —b—2a}) (Ih ta — b+ 23}) 


32768(—264966591528960ab° + 497028396625920a7b" ) 





( i {a b~2a})( TI {0+ 261) 


a=0 





4 32768(—46525375584000a7b° + 85800120220800a4b° ) 





14 


( I] {o-b—2a}) ( TI] {o—b-+26}) 


a=0 


Salahuddin No. 4 





‘ 32768(2667136741920a°b° + 24708348000a"b® + 19527158700a%b°) 
15 14 
( Il {a—b—2a})( [I {a- b+ 23}) 
a=0 B=1 
32768(109254600a°b° + 30045015a1%b?) 
15 14 
( Il {a —b—2a}) ( il {a b+ 25}) 
a=0 B=1 
32768(—29011643781120b° + 82650036080640ab° ) 
15 14 
( Il {a-b—2a})( [I {a— b+ 23}) 
a=0 B=1 
32768(—30401221536000a7b° + 42437501433600a°0° ) 
15 14 
( Il {a —b— 2a}) ( il {a — b+ 23}) 
a=0 B=1 
ro 32768(—1679965963200a7b® + 2667136741920a°b°) 
15 14 
( II {e-b-2a}) ( TI {a— 0+ 26}) 
a=0 p= 
32768(34171477200a7b® + 119759850a8b°) 
15 14 
( il {a —b— 2a}) ( I {a b+ 23}) 
a=0 B=1 
32768(86493225a°b® + 3688786669568)" — 6233334240000ab" + 9824497355520a7b") 
15 14 
( Il {a-b-2a}) ( il {a - b+ 2}) 
a=0 B=1 
32768(—1285763673600ab" + 1438362021600a*D’ ) 
15 14 
( I {a -b—2a}) ( Il {a—b+28}) 
a=0 B=1 
32768(—24708348000a°b" + 34171477200a%b") 
15 14 
( Il {a —b— 2a}) ( il {a — b+ 2}) 
a=0 B=1 
rn 32768(145422675a8b" — 34322608320068 + 920583637440ab® — 363512823840a7b8) 
15 14 
( Il {a-b—2a})( I] {a—b +23}) 
a=0 Bp=1 
32768(404597084400a3b® — 20980485000a*b8 + 19527158700a°b®) 
15 14 
( I {a —b— 2a}) ( il {a — b+ 25}) 
a=0 B=1 
32768(—119759850a°b® + 145422675a"b*) 


15 14 
( Il {a-b-2a}) ( ia {a — b+ 28}) 
a=0 B=1 
de 32768(23578343360b° — 39161191680ab? + 54807626640a70" ) 
14 


( I {a—b—20})( JI {a—b+26}) 









































a=0 


32768(—7227090000ab° + 6230113500a*b*) 
14 


( I {a—b- 2a})( [I {a- b+ 26}) 





a=0 
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32768 (—109254600a°b® + 86493225a°b9 — 119399280061?) 
15 14 
( Il {a-b—2a}) ( il {a -b+28}) 
a=0 p=1 
32768(3018684240ab'° _ 1104760800a7b!°) 
15 14 
( Il {a —b— 2a}) ( [I {ab + 23}) 
a=0 Bp=1 
32768(1052508600a3b1° — 42921450a4b!° + 30045015a°b!°) 
15 14 
( I {a-b—2a})( [I {a—b +23}) 
a=0 B=1 


32768(43995952b'! — 67407600ab'!) 











15 14 
( Il {a —b— 2a}) ( Il {a — b+ 25}) 
a=0 B=1 
32768(85096440a7b" — 8143200a3b1! + 5852925a4b!') 
15 14 
( I {¢-5-2a}) ( TI {a—b+ 26}) 
a=0 B=1 
32768(—1146600b"" + 2691780ab!? — 712530a7b'?) 
15 14 
I] {a—b-2a})( [] {2-5 + 2}) 
a=0 B=1 
; 32768(593775ab'? + 20020b'8 — 24360ab'S) 
15 14 
( Il {a -b-2a}) ( il {a — b+ 2}) 
a=0 B=1 
32768(27405a2b'3 — 2106! + 435ab!4 + b!) 
15 14 . 
( II {a-5-2a}) ( TI {a— 0+ 26}) 
a=0 B=1 








+ 











§3. Derivation of main summation formula (7) 


Substituting c= “F548? | and z = $ , in equation (2), we get 
Gi % wt at+1,b; 1 mbety 1 
MOOSE eyes 9) 88h) aaecss . 9) PPE) clea 5 
2 uy 2 ’ 2 ’ 


Now using Gauss second summation theorem, we get 





L. H.S 
2h pc eet82)) (8) § 16384(1428329123020800a — 2322150583173120a7) 
T(6) ne) 


14 15 
( Il {a-b—2¢})( I] {a — 0+ 2n}) 
¢=0 n=l 
16384(1606274243887104a3 _ 636906005299200a*) 
14 15 
( II {a-b-2¢}) ( I] {a - b+ 2n}) 
¢=0 geal 
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e 16384(163554924216320a° _ 29011643781120a°) 
14 15 
( Il {a-b-2¢})( I {a — 0+ 2n}) 
¢=0 n=l 
16384(3688786669568a" — 343226083200a® + 23578343360a?) 
14 15 
( Il {a--2¢}) ( TI {a — 0+ 2n}) 
¢=0 n=1 
16384(—1193992800a!° + 43995952a!") 
14 15 
( Il {a-b-2¢}) ( I] {a - b+ 2n}) 
¢=0 n=1 
16384(—1146600a!? + 20020a!8 — 210a14 + a> + 1428329123020800b) 
14 15 
( Il {a-b-2¢}) ( I] {a - 6+ 2n}) 
¢=0 n=l 
16384(8525223163330560a7b) 
14 15 
( II {a-b-2¢}) ( I] {a - b+ 2n}) 
¢=0 n=1 
x 16384(—2182234506854400a%b + 1969113895649280a*b) 
14 15 
( II {a-b—2¢})( I {a+ 2n}) 
¢=0 n=l 
16384(—264966591528960a°b + 82650036080640a°b) 
14 15 
( Il {2-0 2¢})( I] {a - + 2n}) 
¢=0 n=l 
16384(—6233334240000a"b + 920583637440a%b — 39161191680a°b) 
14 15 
( Il {a-b-2¢})( TI {a— b+ 2n}) 
¢=0 n=l 
16384(3018684240a1°b _ 67407600a1!b) 
14 15 
( II {a-b-2¢}) ( II {a b+ 2n}) 
¢=0 H=1 
16384(2691780a!2b — 24360a!?b + 435a!4b) 
14 15 
( Il {a-b—2¢}) ( I] {a - 0+ 2n}) 
¢=0 HHL 
16384(2322150583173120b7 + 8525223163330560ab7) 
14 15 
( I] {a-b-2¢})( TI {a— 0+ 2n}) 
¢=0 n=1 
; 16384(5852172660080640ab? _ 528194276167680a‘1b) 


14 


(Ih fa — b—2¢}) (IL fo — b+ 2n}) 









































4 16384(497028396625920a°b? _ 30401221536000a°b?) 
14 15 
( II {a—b-2¢}) ( I] {a - 6+ 2n}) 


¢=0 n=1 
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16384(9824497355520a"b? _ 363512823840a'b7) 
+ 14 15 
( Il {a-b-2¢}) ( I] {a - b+ 2n}) 
¢=0 n=l 
16384(54807626640a°b? — 1104760800a1°b?) 
14 15 
( Il {a-b-2¢}) ( TI {a - b+ 2n}) 
¢=0 n=l 
; 16384(85096440a!b? — 712530a!7b? + 27405a13b7) 
14 15 
( Il {2-0 2¢})( I {a- 0+ 2n}) 
¢=0 n=l 
; 16384 (1606274243887 104b3 + 2182234506854400ab?) 
14 15 
( Il {a-b—2¢}) ( I] {a - b+ 2n}) 
¢=0 n=l 
4 16384(5852172660080640a7b? + 1153266031104000a*b?) 
14 15 
( Il {a—b—2¢}) ( I] {a—b+2n}) 
¢=0 n=1 
e 16384(—46525375584000a°b? + 42437501433600a°b?) 
14 15 
( Il {a-b- 2¢}) ( I] {a - + 2n}) 
¢=0 H=1 
16384(—1285763673600a"b? + 404597084400a°b°) 
: 14 15 
( Il {a—b-2¢}) ( I] {a— 6+ 2n}) 
¢=0 n=1 
, 16384(—7227090000a°b? + 1052508600a1°b?) 
/ 14 15 
( Il {a-b—2¢})( I {a— 0+ 2n}) 
¢=0 n=l 
Pf 16384(—8143200a1!b? + 593775a!2b? + 63690600529920004 + 1969113895649280ab*) 
14 15 
( Il {a-b-2¢}) ( I] {a - b+ 2n}) 
¢=0 gal 
16384(528194276167680a7b* + 1153266031104000a35*) 
14 15 
( Il {a-b- 2¢}) ( I {a — 0+ 2n}) 
¢=0 HE 1 
; 16384(85800120220800a°b* _ 1679965963200a°b*) 
14 15 
( II {a—-2¢}) ( TI {a - b+ 2n}) 
¢=0 n=1 
; 16384(1438362021600a7b4 — 20980485000a®b* + 6230113500a°b*) 
: 14 15 
( I {a-b-2¢})( TI {a - + 2n}) 
¢=0 H=L 


16384(—42921450a10b* + 5852925a1!b*) 
15 


( Th {o—b-209)| I] {a—b + 2n}) 


n=1 
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16384(163554924216320b° + 264966591528960ab’ ) 
14 15 
( Il {a—b-2¢}) ( I] {a - 6+ 2n}) 
¢=0 n=l 
16384(497028396625920a7b° + 46525375584000a3b°) 
14 15 
( Il {a-b- 2¢}) ( I {a — 0+ 2n}) 
¢=0 gal 
16384(85800120220800a*b° + 2667136741920a°b°) 
14 15 
( Il {a-b-2¢}) ( I {a- + 2n}) 
¢=0 n=1 
16384(—24708348000a7b° + 19527158700a%b° — 109254600a9b® + 30045015a1°b°) 
14 15 
( Il {a—b-2¢}) ( I] {a - b+ 2n}) 
¢=0 n=1 
se 16384(29011643781120b° + 82650036080640ab°) 
14 15 
( Il {a—b— 2¢}) ( I] {a — + 2n}) 
¢=0 n=l 
£ 16384(30401221536000a7b® + 42437501433600a°0° ) 
14 15 
( Il {a--2¢}) ( TI {a- + 2n}) 
¢=0 n=1 
16384(1679965963200a*b® + 2667136741920a°b°) 
14 15 
( Il {a-b—2¢}) ( I] {a - b+ 2n}) 
¢=0 n=1 
16384(34171477200a"b® — 119759850a8b° + 86493225a°b°) 
14 15 
( Il {a—b—2¢}) ( I {a— b+ 2n}) 
¢=0 n=1 
16384(3688786669568b" + 6233334240000ab" ) 
14 15 
( II {a-b-2¢})( I {a- 0+ 2n}) 
¢=0 n=1 
i 16384(9824497355520a7b" + 1285763673600a20" ) 
14 5 
( Il {a-b—2¢}) ( I] {a - b+ 2n}) 
¢=0 9=1 
16384(1438362021600a*b” + 24708348000a°b’ ) 
14 15 
( Il {a-b- 2¢}) ( I] {a - 0+ 2n}) 
¢=0 n=1 
16384(34171477200a%b’ + 145422675a8b’ + 3432260832000°) 
14 15 
( Il {a-b-2¢}) ( I {a - 6+ 2n}) 
¢=0 n=l 


16384(920583637440ab® + 363512823840a70°) 
15 


(Th {e-0-209)( I] {a—b + 2n}) 


n=1 
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: 16384(404597084400a7b* + 20980485000a*b® + 19527158700a°b*) 





14 15 
( II {a-b—2¢}) ( I] {a — + 2n}) 
¢=0 n=1 
16384(119759850a°b® + 145422675a’b®) 
14 15 
( Il {a-b-2¢}) ( TI {a - b+ 2n}) 
¢=0 q=1 
16384(23578343360b° + 39161191680ab? + 54807626640a7’ ) 
14 15 
( Il {a--2¢}) ( I] {a - + 2n}) 
¢=0 n=1 
16384(7227090000a3b° + 6230113500a‘b°) 
14 15 
( II {a-b-2¢})( I {a— + 2n}) 
¢=0 n=1 


16384(109254600a°b° + 86493225a°b® + 1193992800”) 














14 15 
( IL {a- 5 -2¢}) ( [I {a - 0+ 2n}) 
¢=0 R= 1 
16384(3018684240ab!” + 1104760800a7b"°) 
14 15 
( Il {a—b~-2¢}) ( I] {a-5 + 2n}) 
¢=0 n=1 





i 16384(1052508600a%b'° + 42921450a*b'? + 30045015a°b1°) 








(IL fo — b-2¢}) (Ito — b+ 2n}) 


16384(43995952b'! + 67407600ab"') 





! 14 15 
( Il {a-b-2¢}) ( I] {a - 6+ 2n}) 
¢=0 n=1 
16384(85096440a7b"! + 8143200a?b!! + 5852925a4b!') 
14 15 
( II {a-b-2¢}) ( I] {a - b+ 2n}) 
¢=0 gal 
16384(1146600b"" + 2691780ab!? + 712530a7b'?) 
14 15 
( Il {a--2¢}) ( Th {a- + 2n}) 
¢=0 q=1 
16384(593775a3b'? + 20020013 + 24360ab!3) 
14 15 
( Il {a-b— 2¢}) ( I] {a — 6+ 2n}) 
¢=0 H=1 


16384(27405a2b!3 + 2106! + 435ab!4 + 515) } 














14 


(Ih f« — b—2¢}) (IIa — b+ 2n}) 








123) { 65536 (1428329123020800 — 470423898685440a + 2328961922629632a7) 
T( et 14 15 
ran ( 1 {a-0—2¢}) ( TI {a— 6+ 2n}) 
¢=0 n=l 
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65536(—381117697130496a? + 316734590500864a‘) 
14 15 
( Il {a—b-2¢}) ( I] {a- 5 + 2n}) 
¢=0 n=1 
65536 (—29456251432960a° + 9279610167296a°) 
14 15 
( Il {a-b- 2¢}) ( I] {a - 5 + 2n}) 
¢=0 n=l 
' 65536(—511595950208a’ + 77189562432a° — 2483214240a°) 
14 15 
( Il {a—b~ 2¢}) ( I] {a - 5 + 2n}) 
¢=0 n=l 


65536(193882832a!9 — 3327896a!") 











| 14 15 
( Il {a-b-2¢})( I {a— 0+ 2n}) 
¢=0 q=1 
, 65536(131404a% — 910a!3 + 15a! + 470423898685440b + 5473573561958400ab) 
14 15 
( Il {a—b-2¢}) ( I] {a - b+ 2n}) 
¢=0 q=1 
2 65536(—503214007025664a7b + 1969528317345792a°b) 
14 15 
( Il {a-b—2¢}) ( II {a - 6+ 2n}) 
¢=0 n=1 
65536(—150112771248128a4b + 112539365949440a°b) 
14 15 
( Il {a-b-2¢})( I {a— 0+ 2n}) 
¢=0 n=l 
65536(—5581588819072a°b + 1638717738496a"b) 
14 15 
( Il {a-b-2¢}) ( I] {a - b+ 2n}) 
¢=0 n=1 
65536 (—49573632864a°b + 6999713760a°b) 
14 15 
( Il {a—b—2¢}) ( I] {a — b+ 2n}) 
¢=0 q=1 
65536(—116414584a1b + 8390512a!b) 
14 15 
( Il {a--2¢}) ( TI {a 6+ 2n}) 
¢=0 n=l 
65536(—58058a!7b + 2030a!36 + 232896 19226296327) 
14 15 
( Il {a-b-2¢}) ( I] {a - 6+ 2n}) 
¢=0 n=1 
65536 (503214007025664ab? + 3412315664252928a7b? — 129681106132992a%b7) 
14 15 
( Il {ab 2c) ( TE {a— 0+ 2n}) 
¢=0 n=1 
_, 65536 (423536993230848a"b* _ 16628085832320a°b7) 
14 15 
( Il {a-b-2¢})( I {a- b+ 2n}) 


¢=0 n=1 
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, 65536(11189308499712a°b? _ 300862325376a"b2) 
14 15 
( Il {a--2¢}) ( I {a— 0+ 2n}) 
¢=0 n=l 
65536 (80994977424a8b? — 1263236520a%b? + 163524504a!°b?) 
14 15 
( Il {a-b- 2¢}) ( I {a — 0+ 2n}) 
¢=0 n=1 
; 65536(—1099332a!b? + 71253a!7b7) 
: 14 15 
( Il {a--2¢}) ( TI {a - b+ 2n}) 
¢=0 n=l 
; 65536(381117697130496b? + 1969528317345792ab°) 
14 15 
( Il {a-b—2¢}) ( I] {a - 6+ 2n}) 
¢=0 n=1 
, 65536 (129681106132992a°b* + 645921311784960ab°) 
14 15 
( Il {a-b— 2¢}) ( I] {a - + 2n}) 
¢=0 n=l 
, 65536(—11831795932800a"b" + 33081548382720a°b?) 
14 15 
( I {a-b—2¢})( I {a— + 2n}) 
¢=0 n=l 
65536 (—686621093760a°%b? + 413821722240a7b?) 
14 15 
( Il {a-b-2¢h) ( I] {a - b+ 2n}) 
¢=0 n=1 
65536(—5675445000a'b? + 1386606000a°b? — 8708700a1°b3) 
14 15 
( Il {a-b—2¢}) ( I {a - b+ 2n}) 
¢=0 n=1 
65536(1017900a!+b3 + 3167345905008640*) 
14 15 
( Il {a-— 2¢}) ( I] {a - + 2n}) 
¢=0 n=1 
65536(150112771248128ab+ + 423536993230848a7b*) 
14 15 
( Il {a-b-2¢}) ( I] {a - b+ 2n}) 
¢=0 g=1 
; 65536(11831795932800a3b* + 47032752624000a*b*) 
14 15 
( Il {a-b-2¢})( I] {a- 0+ 2n}) 
¢=0 n=1 
65536 (—436682232000a°b* + 1060441956000a°%b*) 
14 15 
( Il {a-b-2¢})( I {a- 0+ 2n}) 
¢=0 n=l 
65536(—11019106800a"b* + 5939968500a°b*) 


15 


( Th {e- 0-20) I] {ab + 2n}) 


n=1 


, 65536 (32516250006! + 7153575a19b* + 29456251432960b° + 112539365949440ab°) 
14 15 
( Il {a--2¢}) ( I] {a - 6+ 2n}) 


¢=0 n=1 
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65536(16628085832320a7b° + 33081548382720a3b° ) 





14 1 
(Ih (a — b-2¢}) (Ii t« — b+ 2n}) 


65536(436682232000a*b° + 1443061650240a°b°) 





14 1 
(Ih fa — b-2¢}) (IL fo — b+ 2n}) 


65536(—6518297520a°°® + 13870291680a"b° — 56728350a°b° ) 





+ 


Gute —b— 2¢}) (IIo — b+ 2n}) 


65536(27313650a°b° + 92796101672960°) 





14 1 
(II fa — b-2¢}) (IL — b+ 2n}) 


65536(5581588819072ab° + 11189308499712a7b°) 





14 1 
I {a-5- 2¢}) (Ii t« — b+ 2n}) 


2 65536(686621093760ab® + 1060441956000a7b°) 





14 1 
(Ih fa —b-2¢}) (IL fo — b+ 2n}) 


65536(6518297520a°b® + 18331241040a%® — 31935960a7b°) 





14 1 
(Ih fa — b-2¢}) (IIa — b+ 2n}) 


65536(59879925a8b® + 5115959502080" ) 





+ 


+b 


14 1 
(Ih f« — b—2¢}) (Ito — b+ 2n}) 


65536(1638717738496ab" + 300862325376a7b" + 413821722240a%b’) 





14 1 
(Ih ta —b-2¢}) (Ite — b+ 2n}) 


65536(11019106800a*8" ) 





14 a 
(Ih f« — b—2¢}) (Ii —b+2n}) 


65536(13870291680a°b" + 31935960a°b’ + 77558760a"b’ + 7718956243208) 





14 15 
(Ih ta — b-2¢}) (Tha — b+ 2n}) 


65536(49573632864ab*®) 





14 


(Ih f« — b—2¢}) (Ii — b+ 2n}) 


£ 65536(80994977424a7b® + 5675445000a%b8 + 5939968500a*B*) 








( [La 2¢}) ( TL {a— b+ 2n}) 


¢=0 n=1 
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65536(56728350a°b® + 59879925a°b®) 
14 15 
( Il {a-b-2¢}) ( I] {a - 6+ 2n}) 
¢=0 n=1 
65536(2483214240b° + 6999713760ab9 + 1263236520a7b°) 
14 15 
( II {a--2¢}) ( TI {a - + 2n}) 
¢=0 n=1 


65536(1386606000a°b® + 32516250a*b®) 











: 14 15 
( II {a-b-2¢}) ( I] {a - b+ 2n}) 
c=0 n=1 
65536(27313650a°b® + 193882832b!9 + 116414584ab!°) 
14 15 
( Il {a--2¢}) ( TI {a - b+ 2n}) 
¢=0 n=1 
65536(163524504a7b!9 + 8708700a3b'°) 
14 15 
( Il {a--2¢}) ( I] {a - 0+ 2n}) 
¢=0 n=1 








a: 65536(7153575a*b" + 3327896b!! + 8390512ab1") 





(IL fo — b—2¢}) (Ii — b+ 2n}) 


65536(+1099332a7b"! + 1017900a3b'! + 131404b'2) 





14 15 
( Il {a-b- 2¢}) ( I] {a - 0+ 2n}) 
¢=0 n=l 
65536(58058ab!2 + 71253a2b!2 + 910b!3 + 2030ab!3 + 15b!4) 
14 15 
( Il {a-b-2¢}) ( I] {a - 6+ 2n}) 
¢=0 n=1 











2o+1 Px atbts2) at —————ee 2322150583173120a7) 
T(b 1 T a+l 15 14 
eed) (F) ( II {a—b- 2a})( TI {ab + 26}) 
a=0 p=1 


16384(1606274243887104a?) 





15 14 
(II (a —b—2a}) (Tha — b+ 23}) 


16384(636906005299200a4 + 163554924216320a°) 





15 14 
( I {a-b-2a}) ( TI {a— 0+ 26}) 
a=0 B=1 
16384(29011643781120a° + 3688786669568a") 
15 14 
( I {a —b— 2a}) ( Il {a —b + 23}) 
a=0 B=1 
16384(343226083200a® + 235783433600? + 1193992800a!°) 
15 14 
( I {a-b-2a}) ( TI {ab + 26}) 
a=0 B=1 
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16384(43995952a!! + 1146600a!? + 20020a!3) 
15 14 
( Il {a-b—2a}) ( Il {a—b+28}) 
a=0 B=1 
16384(210a + al + 1428329123020800b) 
15 14 
( Il {a —b—2a}) ( ia {a—b+28}) 
a=0 Bp=1 
16384(8525223163330560a2b + 2182234506854400a3b) 
15 14 
( I {a -b-2a}) ( il {a —b+28}) 
a=0 p=1 
16384(1969113895649280a*b + 264966591528960a°b) 
15 14 
( Il {a —b— 2a}) ( Il {a — b+ 2}) 
a=0 B=1 
_, 16384(82650036080640a°b + 6233334240000a"b) 
15 14 
( I] {¢-b-2a}) ( TI {a b+ 26}) 
a=0 B=1 
_, 16384 (920583637440a%b + 39161191680a% + 30186842400" + 674076000") 
15 14 
( Il {e-b-2a}) ( TI {a—0+ 26}) 
a=0 p=1 


16384(2691780a!2b) 




















15 14 
( il {a—b—2a}) ( [I {a— b+ 23}) 
a=0 B=1 
16384(24360a1%b + 435al4b — 2322150583173120b7) 
, 15 14 
( Il {a -b-2a}) ( Il {a—b + 23}) 
a=0 B=1 
16384(8525223163330560ab? + 5852172660080640a3b7) 
15 14 
( Il {a-b—2a})( [I {a—b +23}) 
a=0 p=1 
16384(528194276167680a1b? + 497028396625920a°b7) 
15 14 
( I {a —b— 2a}) ( il {a — b+ 23}) 
a=0 B=1 
16384(30401221536000a°b? + 9824497355520a"b?) 
15 14 
( I] {a-b- 2a})( TI {a—b+ 25}) 
a=0 Bp=1 
16384(363512823840a°b? + 54807626640a9b? + 1104760800a1°b?) 
15 14 
( Il {a-b-2a}) ( Il {a—b+28}) 
B=1 




















a=0 


16384(+85096440a!1b? + 712530a17b?) 
15 14 
( II {a-b-2a})( TI {a—b+26}) 


a=0 B=1 
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16384(27405a!3b? + 1606274243887 104b?) 





15 14 
(I {a —b-2a}) (Ita — b+ 26}) 


16384(—2182234506854400ab? + 5852172660080640a7b°) 





15 14 
(I {@ —b-2a}) (Ita — b+ 26}) 


16384(1153266031104000a*b? + 46525375584000a°b?) 





15 14 
(It —b—2a}) (Ih ta — b+ 23}) 


16384(42437501433600a°? + 1285763673600a"b*) 





15 14 
(11 ( — b—2a}) (Ih (a —b + 23}) 


4 16384(404597084400a%b? + 7227090000a°b? + 1052508600a!°b?) 








15 14 
(II ( — b—2a}) (Ih ta —b+28}) 


16384(8143200a1!b? + 593775a17b?) 





15 14 
(I {a —b—2a}) (11 ta — b +23}) 


; 16384(—636906005299200b* + 1969113895649280ab* — 528194276167680a7b*) 





15 14 
(II {a —b-2a}) (I ta — b+ 23}) 


16384(1153266031104000a3b4 + 85800120220800a°b*) 





15 14 
(1 (« —b—2a}) (Ih ta —b +23}) 


a 16384(1679965963200a°b* + 1438362021600a"b*) 





15 14 
(II {a —b—2a}) (I ta — b+ 23}) 


16384(20980485000a8b* + 6230113500a°b* + 42921450a1°b*) 





15 14 
(I —b—2a}) ( Tia — b+26}) 


16384(5852925a1!b4 + 1635549242163200°) 





15 14 
(It aoe 2a}) (Ih ta app 26}) 


16384(2667136741920a%b° + 24708348000a7b° + 19527158700a%d°) 





14 


(Ii —b—2a})( H{a- 6+ 26}) 


B= 
16384(109254600a°b° + 30045015a1°b") 





14 


( I {a—b—2a}) ( [I {a—6+26}) 


a=0 
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rn 16384(—29011643781120b° + 82650036080640ab° ) 
15 14 
( I {a-b-2a}) ( TI {a— 0+ 26}) 
a=0 p=] 
16384(—30401221536000a7b° + 42437501433600a°0° ) 
15 14 
( I {a —b— 2a}) ( Il {a — b+ 25}) 
a=0 B=1 
; 16384(—1679965963200a4b° + 2667136741920a°b°) 
15 14 
( Il {a—b—-2a}) ( Il {a —b + 2}) 
a=0 B=1 
, 16384(34171477200a"b® + 119759850a%b°) 
15 14 
( il {a —b— 2a}) ( Il {a b+ 2}) 
a=0 B=1 
16384(86493225a°b® + 36887866695680" ) 
15 14 
( ia {a —b—2a}) ( Il {a — b+ 25}) 
a=0 B=1 
£ 16384(—6233334240000ab’ + 9824497355520a70" ) 
15 14 
( il {a —b— 2a}) ( Il {a — b+ 25}) 
a=0 p= 
16384(—1285763673600a7b" + 1438362021600a*’ ) 
15 14 
( Il {a—b—-2a}) ( il {a — b+ 2}) 
a=0 B=1 
; 16384(—24708348000a°b" + 34171477200a°b") 
. 15 14 
( Il {a —b— 2a}) ( [I {a—b + 23}) 
a=0 B=1 
16384(145422675a°b" — 3432260832008 + 920583637440ab®) 
15 14 
( I] {¢-5-2a}) ( TI {a—b+ 26}) 
a=0 B=1 
16384(—363512823840a7b® + 404597084400a3b°) 
15 14 
( II {e-b-2a})( TI {a—b+25}) 
a=0 p=1 
16384(—20980485000a*b® + 19527158700a°b® — 119759850a%b8 + 145422675a’b*) 
15 14 
( II {a-b-2a}) ( TI {a— 0+ 26}) 
a=0 B=1 






































; 16384(23578343360D" ) 
(fq a—b—2a}) ( [I {a—b+26}) 
(It B=1 


4 16384(—39161191680ab? + 54807626640a7b? — 7227090000a2b ) 
14 


( I {a—b—20})( JI {a—b+26}) 





a=0 
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16384(6230113500a*b® _ 109254600a°b?) 
15 14 
( Il {a —b— 2a}) ( [I {ab + 23}) 
a=0 B=1 
16384(86493225a°b° — 1193992800619 + 3018684240ab!°) 
15 14 
( I {a —b— 2a}) ( Il {a b+ 25}) 
a=0 B=1 


; 16384(—1104760800a7b!° + 1052508600a3b'°) 











15 14 
(It —b—2a}) (Ih ta —b+28}) 


16384(—42921450a*b!° + 30045015a°b'? + 43995952b'1) 





15 14 
( II {e-b-2a}) ( TI {a— 0+ 26}) 
a=0 B=1 
16384(—67407600ab'! + 85096440a7b!") 
15 4 
( I {a —b— 2a}) ( I {a — b+ 2}) 
a=0 B=1 
16384(—8143200a3b!! + 5852925a*b!! — 11466000!? + 2691780ab'”) 
15 14 
( Il {a—b—2a}) ( I] {a— b+ 23}) 
a=0 B=1 


16384(—712530a7b!? + 593775a3b!7) 














ri 16384(20020b!3 — 24360ab!3 + 27405a2b!3 — 210b14 + 435ab!4 + b!5) } Re) 


7 15 14 
(II {a —b—2a}) (I ta — b+ 23}) 








BR 


IN) 


15 14 
(1 {a —b—2a}) (11 ta —b +23}) 





. { 65536(1428329123020800 + 470423898685440a + 2328961922629632a7) 


15 14 
(II (« — b—2a}) (Tha — b+ 23}) 


65536(381117697130496a? + 316734590500864a*) 





15 14 
( I] {¢-b-2a})( TI {a—b+25}) 
a=0 B=1 
65536 (29456251432960a° + 9279610167296a°) 
15 14 
( Il {a -b-2a}) ( Il {a—b+28}) 
a=0 B=1 





, 65536(511595950208a7 + 77189562432a® + 2483214240a°) 








15 14 
(II {a —b-2a}) (11 ta —b +23}) 


65536(193882832a19 + 3327896a!") 





"7 15 14 
(TI {a —b—2a}) (11 ta — b+ 23}) 
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, 65536(131404a" + 910a!8 + 15a!4 — 470423898685440b + 5473573561958400ab) 
15 14 
( Il {a-b—2a}) ( Il {a — b+ 2}) 
a=0 B=1 
65536 (503214007025664a7b + 1969528317345792a°b) 
15 14 
( II {a-b- 2a})( TI {a—b+ 26}) 
a=0 B=1 
65536(150112771248128a*b + 112539365949440a°b) 
15 14 
( Il {a-b—2a})( [I {a—b + 23}) 
a=0 B=1 
65536(5581588819072a°b + 1638717738496a"b + 49573632864a°b) 
15 14 
( Il {a —b— 2a}) ( [I {ab + 23}) 
a=0 B=1 
65536 (6999713760a% + 116414584a!b) 
15 14 
( Il {a—b—2a}) ( Il {a b+ 25}) 
a=0 B=1 
65536(8390512a!b + 58058a!2b + 2030a130) 
15 14 
( Il {a—b—2a}) ( Il {a— b+ 2}) 
a=0 p=1 
65536 (2328961922629632b7 — 503214007025664ab?) 
15 14 
( Il {a —b— 2a}) ( I {a b+ 2}) 
a=0 B=1 
65536 (3412315664252928a7b7 + 129681106132992a%b7) 
15 14 
( II {a-b-2a})( TI {a— b+ 26}) 
a=0 B=1 
65536(423536993230848atb? + 16628085832320a°b7) 
15 14 
( Il {a —b— 2a}) ( [I {ab + 23}) 
a=0 B=1 
65536(11189308499712a°%b? + 300862325376a"b?) 
15 14 
( Il {a—b— 2a}) ( I] {a —b + 23}) 
a=0 p= 
65536 (80994977424a8b? + 1263236520a°b?) 
15 14 
( il {a —b— 2a}) ( [I {a — 6 + 23}) 
a=0 B=1 
65536(163524504a!°b? + 1099332a11b? + 71253a!”b7) 


15 14 
( Il {a-b—2a})( I] {a- b+ 23}) 
a=0 B=1 
, 65536 (—3811176971304966" + 1969528317345792ab?) 
14 


( I {a—b—20})( JI {a—b+26}) 









































a=0 
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_, 65536 (—129681106132992a"b" + 645921311784960a3b3 + 11831795932800a*b?) 
15 14 
( II {a-b-2a}) ( TI {a— 0+ 26}) 
a=0 p=1 
65536 (33081548382720a°b°) 
15 14 
( Il {a-b—2a}) ( [I {a—b + 23}) 
a=0 B=1 
65536 (686621093760a°b? + 413821722240a7b3 + 5675445000a°b?) 
15 14 
( II {a-b-20}) ( TI {a—0+ 26}) 
a=0 B=1 
65536 (1386606000a°b? + 8708700a1°b3) 
: 15 14 
( II {a-b-2a}) ( TI {a— 0+ 26}) 
a=0 B=1 
, 65536(1017900a1!b? + 316734590500864b*) 
15 14 
( I] {a-b- 2a})( TI {a—0+ 25}) 
a=0 B=1 
, 65536 (—150112771248128ab" + 423536993230848a7b*) 
15 4 
( Il {a —b— 2a}) ( [] {a—b + 23}) 
a=0 B=1 
65536(—11831795932800a7b* + 47032752624000a4b*) 
15 14 
( Il {a—b—2a}) ( [] {a — 6 + 23}) 
a=0 B=1 
65536(436682232000a°b* + 1060441956000a°b*) 
: 15 14 
( I {a —b—2a}) ( il {a — b+ 25}) 
a=0 B=1 
65536(11019106800a7b4 + 5939968500a°b* + 32516250a°b*) 
15 14 
( Il {a-b-2a}) ( [I {a—b + 23}) 
a=0 B=1 
65536(7153575a10b4 - 2945625 14329606") 
15 14 
( I {a-b—2a}) ( [I {a- 6 +.23}) 
a=0 Be=1 
65536 (112539365949440ab° _ 16628085832320a70’ ) 
15 14 
( Tl {a—b-2a}) ( il {a —b + 25}) 
a=0 B=1 
65536 (33081548382720a3b° _ 436682232000a*b°) 


15 14 
( Il {a-b—2a})( I] {a—b +23}) 
a=0 B=1 
65536 (1443061650240a°b° + 6518297520a%b® + 13870291680a"b°) 
14 


( I] {o-b—2a}) ( [1 {a—b+26)) 












































a=0 
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65536(56728350a8b° + 27313650a°b") 
15 14 
( Il {a-b—2a})( [I {a — b +23}) 
a=0 B=1 
65536(9279610167296b° — 5581588819072ab° ) 
15 14 
( II {a-b- 2a})( TI {a—b+ 25}) 
a=0 B=1 
65536(11189308499712a2b° — 686621093760a°b°) 
15 14 
( I] {a-b-2a})( TI {a— 0+ 25}) 
a=0 B=1 
65536(1060441956000a*b® — 6518297520a°b° + 18331241040a°b° + 31935960a"d*) 
15 14 
( II {a-b-2a}) ( TI {a— 0+ 26}) 
a=0 B=1 
65536(59879925a8b°) 
15 14 
( Il {a-b—2a})( [I {a— b +23}) 
a=0 B=1 
65536(—511595950208b" + 1638717738496ab" ) 
15 14 
( II {a-b- 2a})( TI {a—b+ 26}) 
a=0 ga 
65536(—300862325376a7b" + 413821722240a%b") 
15 14 
( II {a-b- 2a})( TI {a—b+ 26}) 
a=0 B=1 
65536(—11019106800a*b’ + 13870291680a°b’ — 31935960a%b’) 
15 14 
( Il {a —b— 2a}) ( Il {a b+ 23}) 
a=0 B=1 
, 65536(77558760a"b" + 77189562432b8 + 5939968500a*b® — 56728350a°b*) 
15 14 
( II {e-5-2a}) ( TI {a—b+ 26}) 
a=0 B=1 
65536(—49573632864ab® + 80994977424a7b® — 5675445000a°b8) 
15 14 
( Il {a—b—2a}) ( [I {a—b + 23}) 
a=0 B=1 
; 65536(59879925a°b® — 2483214240b? + 6999713760ab") 
15 14 
( I {a-b-2a})( TI {a—b+ 26}) 
a=0 B=1 
65536(—1263236520a7b? + 1386606000a%b?) 
15 14 
( II {¢-b-2a}) ( [I {a—0+ 26}) 
B=1 


a=0 






































_, 65536 (—32516250a"6° + 27313650a°b? + 193882832b'°) 
14 


( I {a—b—20})( JI {a—b+26}) 





a=0 
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65536(—116414584ab!° + 163524504a7b!°) 
15 14 
( Il {a —b— 2a}) ( [I {ab + 23}) 
a=0 p=1 
65536(—8708700a3b1? + 7153575a*b!0 — 3327896b'1) 
15 14 
( I {a-b-2a}) ( Il {a —b+28}) 
a=0 p=1. 
65536(8390512ab"+ — 1099332a2b1! + 1017900a3b"") 
15 14 
( Il {a —b— 2a}) ( Il {a — b+ 25}) 
a=0 B=1 


; 65536(131404b!? — 58058ab!? + 71253a7b!? — 910613 + 2030ab13 + 15b1*) } 














15 14 
(It —b—2a}) (Ih ta — b+ 23}) 


On simplification the result (8) is proved. 
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81. Introduction and preliminaries 


The notion of fuzzy sets was introduced by Zadeh |] in 1965. Afterwards many authors 
have studied and generalized this notion in many ways, due to potential of the introduced 
notion. Also it has wide range of applications in almost all the branches of studied in particular 
science, where mathematics in used. It attracted many workers to introduce different types of 
classes of fuzzy numbers. Matloka | introduced bounded and convergent sequences of fuzzy 
numbers and studied their some properties. Later on, sequences of fuzzy numbers have been 
discussed by Nanda [6], Diamond and Kloeden /!, Esi !] and many others. 

Let D denote the set of all closed and bounded intervals on R, the real line. For X, Y € D, 
we define 

6(X, Y) = max (Jar — bi], |a2 — bal), 


where X = [a1, a2] and Y = [b;, ba]. It is known that (D, 6) is a complete metric space. A 
fuzzy real number X is a fuzzy set on R, i.e., a mapping X : R > I (= (0, 1]) associating each 
real number ¢ with its grade of membership X (t). 

The set of all upper-semi continuous, normal, convex fuzzy real numbers is denoted by 
L(R). Throughout the paper, by a fuzzy real number X, we mean that X € L(R). 

The a—cut or a—level set [X]° of the fuzzy real number X, for 0 < a < 1, defined by 
[X]* = {t€R: X(t) >a}; for a = 0, it is the closure of the strong 0—cut, i.e., closure of 
the set {t€ R: X (t) > 0}. The linear structure of L(R) induces the addition X + Y and the 
scalar multiplication wX, w € R, in terms of a—level sets, by 





[X + Y]" = [X]" + [¥]", [oX]" = w [X]" 
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for each a € (0, 1]. 
Let d: L(R) x L(R) > R be defined by 
d(X, Y) = sup 4([X]*, [Y]*). 
O<a<1 
Then d defines a metric on L(R). It is well known that L(R) is complete with respect to d. 
The set R of real numbers can be embedded in L(R) if we define 7 € L(R) by 
l, ift=r; 


, 


0, iftAr. 


F(t) = 


The additive identity and multiplicative identity of L(R) are denoted by 0 and 1, respec- 
tively. For r in R and X in L(R), the product rX is defined as follows 


Ae), ifr 40; 
0, ifr=0. 


rX (t) = 


A metric on L(R) is said to be translation invariant if d(X + Z, Y + Z) =d(X, Y) for 
all X, Y, Z € L(R). The metric d has the following properties: 


d(cX, cY) =|c|d(X, Y) 


for c€ R and 
d(X+Y, Z+W)<d(X, Z)+d(Y, W). 


A sequence X = (X;,) of fuzzy numbers is a function X from the set N of natural numbers 
in to L(R). The fuzzy number X;, denotes the value of the function at k € N and is called 
the k-th term of the sequence. We denote by w* the set of all sequences X = (X;,) of fuzzy 
numbers. 

A sequence X = (Xj) of fuzzy numbers is said to be bounded if the set {X;,: k € N} of 
fuzzy numbers is bounded ©). We denote by ¢£, the set of all bounded sequences X = (X;,) of 
fuzzy numbers. 

A sequence X = (X,) of fuzzy numbers is said to be convergent to a fuzzy number Xo if 
for every € > 0 there is a positive integer ky such that d(Xz, Xo) <« for all k > ko !. We 
denote by c” the set of all convergent sequences X = (X;) of fuzzy numbers. 

The following inequality will be used throughout the paper: Let p = (pz) be a positive 
sequence of real numbers with 0 < inf pp, = h < py, < sup, py = H < co and Kk = max 
(1, 24-1). Then for az, bp € C, we have 


lax + bg |?* < K(lax|?* + |be|?"), for all k EN. (1) 


An Orlicz function is a function M : [0, co) > [0, co) which is continuous, nondecreasing 
and convex with M(0)=0, M(x) > 0 for « >0 and M(x) > cas > ~w. 

An Orlicz function is a function M is said to satisfy the Ag—condition for all values of x, 
if there exist a constant T > 0 such that M(2x) < TM(a), (x > 0). 
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Lindenstrauss and Tzafriri 4] used the Orlicz function and introduced the sequence £y4 as 


lu = {= = (XR): SM (==!) < oo, for some r > o} : 
k 


They proved that £7 is a Banach space normed by 


; zal 
= : {| —j)< : 
||a|| = inf {" >0 : M ( ag 1 


Remark 1.1. An Orlicz function M satisfies the inequality M(Ar) < AM(«) for all » 
with O<A<1. 
In this paper we define the following difference classes of fuzzy numbers: Let X = (Xx) 


follows: 


be a sequence of fuzzy numbers and M be an Orlicz function. In this paper and define the 
following difference classes of fuzzy numbers: 
d(AX;,, 0)\]"" 
co[M, A, p, s] = {x= (Xz) €w" : limk™* lar (aie) =0 
for some p > 0, 8 >0}, 
; AX,, X _ 
c*[M, A, p, s] = {x = (Xz) ew" : lim k™* [ar (eX) =0 
p 
for some p > 0, s > o} 


and 
d(AX;; T)V\1"* 
e&(M, A, p, s] = {x= (Xx) €w* : supk-* lar (eee) < 00 
k 
for some p > 0,5 >0}, 


where p = (px) is a sequence of real numbers such that p, > 0 for all k € N and sup, py = H < 
oo and AX, = X_ — Xx41, this assumption is made throughout the rest of this paper. 

We can some specialize these classes as follows: If s = 0, M(x) = x and p, = 1 for all 
k EN, then 








ch IM, A, p, 8] =f [Al {x (X,) ew : limd(AX,, 0) =o}, 








cP [M, A, p, s} =c* [A] {x (Xz) Ew": lim d(AX,, X) =o} 


and 
é (M, A, p, s] = 2% [A] = {x = (X;) €w* : supd(AX,, 0) < co, 
k 


which were defined and studied by Bagarir and Mursaleen [), 
Ifs=0, M(x) =a and py =1 forall k € Nand AX; = X; then we obtain the classes cf’, 
cF and ¢©, which we defined and studied by Nanda 1, 
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Example 1.2. Let s = 0, M(a) = x and px = 1 for all k € N. Consider the sequence of 
fuzzy numbers X = (X;,) defined as follows: 


For k=77, ic N, X,=0. 


; I, forO<t<k7!; 
Otherwise, X;, (t) = 4 _ 
0, otherwise , 
Then 
(0, 0], fork = i?,i€ N; 
(0, k-*], otherwise , 
and 
[- (+1), 0), for k= i2,i€N: 
[AX;]* = 4 [0, k-4], fork =i?-1,i€N, with: > 1; 
|- (k+1)"*, k| , otherwise , 





Hence X = (X;,) € ch [M,A, p, s] C c*[M, A, p, 5] c 22 [M, A, p, 5]. 


§2. Main results 


In this section we prove some results involving the classes of sequences of fuzzy numbers 
ch[M, A, p, s], ce" [M, A, p, s] and 2% [M, A, p, 5]. 

Theorem 2.1. If dis a translation invariant metric, then ch [M,A, p, s],c"[M, A, p, 5] 
and ¢&[M, A, p, s] are closed under the operations of addition and scalar multiplication. 


Proof. Since d is a translation invariant metric implies that 
d(AX;, + AY, 0) < d(AXg, 0) + d(AYs, 5) (2) 


and 


d(AAX,, 0) = |A| d(AXz, 0) , (3) 


where is a scalar. Let X = (X,) and Y = (Y;) € @&[M, A, p, s]. Then there exists 
positive numbers p; and p2 such that 


DN Pk 
sup k-* lar (ee )| <0O 
k PL 


and 


N Pk 
sup k7* [ar (“a”) eg, 
k p2 
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No. 4 


Let p3 = max(2p1, 2p2). By taking into account the properties (1), (2) and since M is 
non-decreasing and convex function, we have 


a [a (20%: + AY ae ai [i (da% 2) oa (acs Nie 








P3 : P3 


< ks [5M Ga =) Z. ay (1% m)|" 


Pl pP2 


cau 22820) Pane =r #0) 





p2 
<O. 


Therefore X + Y € £2 [M, A, p, s]. Now let X = (X;) € £4 [M, A, p, s] and A € R with 
0 < |A| < 1. By taking into account the properties (3) and Remark, we have 


ko [ar (seo BY < ko aia (to%e DY 
carta [ar (2%) 
< har [at (take oy)" 


p 
< OO. 


Therefore \X € & [M, A, p, s]. The proof of the other cases are routine work in view of the 
above proof. 


Theorem 2.2. Let M be an Orlicz function, then 
ch [M, A, p, s] Cc" [M, A, p, s] c 22 [M, A, p, 5] 


Proof. Clearly ch [M, A, p, s] c c*[M, A, p, s]. We shall prove that ce” [M, A, p, s] C 
CE (M, A, p, s]. Let X = (X,) ec [M, A, p, s]. Then there exists some fuzzy number Xo 
such that " 

lim k-* [ae (a x) 


=0,s520. 
p 


On taking p; = 2p and by using (1), we have 
0 Pk Pk Pk 
Pl p 


“(rae beeen 


p 
Since X = (X;) €c* [M, A, p, 5], we get X = (X;,) € 22 [M, A, p, 5] 


Theorem 2.3. ci [M, A, p, s],c” [M, A, p, s| and 0 [M, A, p, s] are complete metric 
spaces with respect to the metric given by 


v(x, v)=int {0 > 05 fou [i+ (ar (MAMA) YY" ca} 


p 
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where H = max (1, sup, px). 

Proof. Consider the class cf [M, A, p, s]. Let (X*) bea Cauchy sequence in ch [M, A, p, s]. 
Let ¢ > 0 be given and r, x, > 0 be fixed. Then for each aa > 0, there exists a positive integer 
No such that 


toy E 
g(t 2) < 





, for allt, 7 > No. 


oO 


By definition of g, we have 
Pk) H 
_ d(Ax}, AXZ) 
su k i M -—— See a < 1, 
: ( ( g{(X, XI) ~ 


= d(Axi, Ax?)\\]"" 
wel (“(Saeae))) 


for all 7, 7 > no. It follows that 


= d(AX?, AX?) 
‘i ( (“eee <1 


for each k > 0 and for all i, 7 > n,. For r > 0 with k~*M (42) > 1, we have 


ag t | TARE, AY) ear (Po 
k (0 (oP) ee M( ; y 


Since k~* # 0 for all k, we have 
i j 
u dAX;,, AX;,) <M (72). 
g (X*, X) 2 


d(AXi, AX}) < oo = 
Hence (AX}), = (AXj, AXZ, AX, ---) is a Cauchy sequence in L(R). Since L(R) is 
complete, it is convergent. Therefore for each ¢ (0 < ¢ < 1), there exists a positive integer n, 
such that d(AX}, AXj) < for alli > n,. Using the continuity of the Orlicz function M, we 


can find 


for alli, 7 > n>. Thus 











This implies that 














wat 
lim d(AXi, AX?) tig 
sup |k-& | M | 2-= <1 
k>Nn p 
Thus 1 
lim d(AX}, AX;) ad Dad 
sup |k7* | M{ 2-* <1 
k>Nno p 


Taking infimum of such p’s we get 


re d(AXi, AX ee 
infi p= >0: {ow h ( (“eee ns))) <1? <eé, 
k p 
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for all i > no. That is X‘ 4 X in cf [M, A, p, s], where X = (X,). Now let i > no, then 


using triangular inequality, we get 
9 (X, 0) <g(X, X*) +9(X*, 0). 


So we have X € cf [M, A, p, s]. This completes the proof of the theorem. 

Theorem 2.4. Let inf p, = h > 0 and sup; py = H < ow. Then 

(a) c* [M, A] ce” [M, A, p, 5]. 

(b) Let M be an Orlicz function which satisfies Ag—condition. Then c” [A, p, s] C 
cP IM, A, p, 5}. 

Proof. (a) Suppose that X = (X;) € c* [M, A]. Since M is an Orlicz function, then 


| =0, for some p> 0. 
p p 





h 
Since inf, pp = h > 0, then lim, [mM (tA% Xo) )) = 0, so for 0 <¢ <1, 4k > forall k > ko, 


[ns (A%e 0D) ce 


and since py > h for allk E N 


ASSAY fu H8H AY cc 


and then we get 





lim lar (“a a)" =0. 


k 
Since (k~*) is bounded, we write 


Pk 
lim k~* lar (acne a] =0. 
p 


Therefore X = (X;) € c* [M, A, p, 5]. 

(b) Let X = (X;,) € c* [A, p, s] so that S, = k-*[d(AX,, Xo)|?* —+ 0 as k — ov. 
Let ¢ > 0 and choose 6 with 0 < 6 < 1 such that M(t) < ¢ for 0 <t < 6. Now we write 
UR = MAKE. Xo) for all k € N and consider 


k*|M(yx)P* = k* [M(yn)I* [yes th (My) ls - 


Using by the remark we have k~* [M(yx)|?® < k7* max(e, €”) for y, < 6. For yx > 6, we will 
make the following procedure. We have 


Uk Uk 
<2<14+=. 
Ye = "5 +5 


Since M is non-decreasing and convex, it follows that 





1 1 
M(yn) <M (1+) < 5M(2) + 5(2y.-2) . 
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Since M satisfies Ag—condition, we can write 


T Yk 
26 


T Yk 
26 





M (2) =TM (2). 


M(yk) = 5 


M (2) 4 
We get the following 


k-* [M(yp))t, < R-* max (1, [7M(2)6-1]" [yal?*) 


YR>5 — 


and 
k-* [M(yp))”* < k* max(e, ") + max (1, [T6-1M(2)]") Se. 


Taking the limits ¢ — 0 and k — ov, it follows that X = (X;) ec” [M, A, p, 5]. 
Theorem 2.5. Let M, M, and M2 be Orlicz functions and s;, s2 > 0. Then 
(a) cP [Mi, A, p, s](e* (Ma, A, p, s] Cc” [Mi + Mo, A, p, f, s}. 
(b) s1 < sz implies c* [M, A, p, 81] Cc [M, A, p, 89]. 
Proof. (a) Let X = (X;) € c* [M,, A, p, s] Mc” (Mo, A, p, s]. Then there exist some 


P1, P2 > 0 such that 
AX,, X Pe 
lim k75 La (eee *y)) —0 
k P1 


si HA 
lim k7$ a (ane =) = 0. 
k p2 


Let p = p1 + po. Then using the inequality (1), we have 


fon 8H" (488588 (888A 


Pk 
< | P1 M, (aan = PB ap (“Se me) 
Pi + p2 P1 pit p2 2p2 


< Lan (tax *)) ae (tome Xo)" 


ca [a (#229) fan) 

















Since (k~*) is bounded, we write 


efoem [225220 af (42229) 


se + fy (MOXY 


Therefore we get X = (X;) € c* [M1 + Mo, A, p, f, 5]. 
(b) Let s; < s9. Then k~*? < k~* for allk EN. Let X = (X;) Ec” [M, A, p, s,]. Since 


eof) f(t ay 


we get X = (X;) ec” [M, A, p, so]. 
Theorem 2.6. Let M be an Orlicz function. Then 
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(a) Let 0 < inf, pp < py <1, then c* [M, A, p, s] Cc” [M, A, 5]. 

(b) Let 1 < py < sup, pz < 00, then ce” [M, A, s] cc” [M, A, p, 5s}. 

(c) Let 0 < pp < qy and (*) be bounded, then c* [M, A, gq, s] cc’ [M, A, p, 5]. 
Proof. (a) X = (X;) € c’ [M, A, p, s]. Since 0 < inf, py, < py < 1, for each k, we get 


adem alone 


for all k €N, and for some p > 0. So we get X = (X;) € c* [M, A, 5]. 
(b) Let 1 < py < sup, pp < 00, for each k and X = (X;) €c*[M, A, s]. Then for each 
0 <e< 1 there exists a positive integer kg such that 


kos [ar (oe =) oe al 
p 
for each k > ko. This implies that 
Pk 
— lar (ae x) <k-°M (aX *)) 
p p 


for some p > 0. Hence we get X = (X,) Ec" [M, A, p, 5]. 
(c) Let X = (X;) € c* [M, A, gq, 8]. Write 


Wk = [ar Ga oole 


and Ty, = ®*, so that 0 < T < Ty <1 for each k. 


= PE, 
We define the sequences (ux) and (vz) as follows: 


Let uz, = wz and vz = 0 if we > 1, and let up, = 0 and wy = vz if we < 1. 
Then it is clear that for each k € N, we have 


T, Tk Tr 
Wk = Uk + UE , w," = Uz,” +u,". 


Now it follows that 


Tr Te 
Uz,” SUR < we and uz" < vp. 


Therefore 
k-*wit =k* [ut + ve | <k- Pw, t+ k-Sup. 


Since T <1 so that T~! > 1, for each k € N, 


by Holder’s inequality and thus 
k-Swy* <k fw, t+ ( kup) 


Hence X = (X;) € c* [M, A, p, 5]. 
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Abstract In the paper the authors proposed the following inequality: In any acute triangle 
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3-2/2 
Keywords Geometric inequalities. 

2010 Mathematics Subject Classification: 26D15, 51M16, 26D99. 


atte < 4/739 + 





((a—b)? + (6—¢)? + (e—a)’). (1) 


§1. Main results 


— > — b 
In any triangle ABC we shall denote by a = ||BC||, b = ||AC||, ¢ = ||ABI|, s = “H", R 
the radius of circumcircle and r the radius of incircle. 
In the following we shall use the next result: 


Lemma 1.1. In any triangle ABC are valid the following identities: 


a” +b? +c? = 2(s? — r? —4Rr). (2) 
ab+be+ca=s*+r?+4Rr. (3) 
a*b? + bc? + ca? = (8? +r? + 4Rr)? — 16Rrs?. (4) 


Lemma 1.2. In any triangle ABC are valid the following identity: 


s? — r* —4Rr — 4R? 
4R? : 





cos Acos B cos C = 


(5) 


Proof. In the following we denote x = a? + b? + c?. From the cosinus theorem it follows 
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that: 
b+c?+ a? g— 2a? 
cos A cos B cos C = II ( Ba252 2 = ne 
_ 2 — 23 a?2? +455 07072 — 80767? 
a 8a?b2c? 
s? — r? — ARr —4R? 
a 4R? , 


Theorem 1.1. In any acute triangle is true the following inequality: 
s>2R+r. (6) 


Proof. Because in any acute triangle are true the following inequality: []cosA > 0 
according with the identity (5) it follows that the inequality (6) is true. 

Theorem 1.2. (Blundon) 

In every triangle ABC is true the following inequality: 





|s? — (2R? + 10Rr —r?)| < 2(R—2r) /R(R-2r) . (7) 
In the following we shall use the above result. 
We denote: 
Q— 
A= ene c= = > 2: 
3-2/2 . 


By identities (2) and (3) from Lemma 1.1 it follows that inequality (1) is equivalent with the 
following inequality: 


(A — 1) 8? + 2V3rs4+ (1—3A)r?+(4—12A) Rr >0. (8) 


We shall consider two cases: 

Case 1.1. 2<a< V2+1. 

According with the right side of the Blundon’s inequality in order to prove the inequality 
(8) it will be sufficient that: 


(A—1) (2 +10Rr —r? —2\/R(R- 2)") 
sovary2R + 10Rr — r?2 — 24/R(R— 2r)° 


(1 —3A)r? + (4—12A) Rr > 0, 











or in an equivalent from 


(2 — 2) x? + (10A — 10) ¢ — Ag +1 — 2(A-1) a(x — 2)8 


42v3y)202 + 102 — (= /e@—2 44-19) 71 = BAS Gi: (9) 


Inequality (9) may be written as: 


(A= 1) a? —(A+3)24+1—2A4 1/62? +302 — 3 — 6a —2)8 — (A—1) Vale — 2)? > 0, 
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Or in an equivalent form: 


(x —2)((A—1) 2+. A—5) + 6a? + 300 — 3 — 6/a@ — 2)? 9 - (A) o/a(w— 2)? > 0, 


It follows that: 





Z x-3—6,/2 (x — ‘ 
(x — 2) ((A-1)@+A—5)4 oe ee ee (A-1) V2(a — 2)8 > 0. 
1/60? + 302 3-6/2 (o— 2)? +9 


As x > 2 it will be sufficient to prove that: 
6 42-6 —2 
Cone eee = vee?) CeCe 


[602 +300 - 3 - 6y/z(@-2) +9 


After performing some calculation we shall obtain the inequality: 




















(«- x («—2)) A-—1+ : 
[622 +300 - 3 - 6y/z(e-2)' +9 
42 
a eee +A—-5>0. (10) 








[622 +300 - 3 -6y/z(@-2)' +9 


We shall consider the following function: f, g, F : (2,V2+1] — R, 


f (w) =a — x(a — 2),g (x) = 6a? + 302 — 3 — 6,/x(a — 2)3, 


tA-—5. 


6 42 
x aN T 
i ( os aa) + Tatay +9 


The inequality (10) may be written in an equivalent form as: F (x) >0,Vx € (2, /2+1). 
In the following we shall prove that F' is a decreasing function. It will be sufficient to prove 








F (x)= 











that f is an decreasing function as: f’ (a) = 1— =z < 0 it follows that f is a decresing 
function. 
Also : 
/ 3 3 2 
g (a) = 12x + 30 ((2 2) + 3a («x — 2)°) 
3 
x (a — 2) 
6 ((22 +5) ./a (a — 2) — (a — 2) (2a ) 
- x(x — 2) 
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In order to prove that g’ (x) > 0 will sufficient to prove that: «(2% +5)? > (a — 2)(2x — 1)? 
which is equivalent with the inequality 32x? + 16z + 2 > 0. It follows that F is a decreasing 
function on the (2, 2+ 1] interval. We shall obtain F(x) > F(/2 +1). 


Re 


As: 





F(v2+1) =(A-1) (v2+1)-44 OE os 
V51+36V2+9 
We shall obtain F(x) > 0, Vx € (2, V2+1]. 
Case 1.2. c > /2+1. 
In order to prove the inequality (8) according theorem (1) will be sufficient to prove that : 
(A — 1) (4a? + 4a + 1) + 2V3 (22 +: 1) + (4 — 124) +1 — 3A > 0 or in an equivalent form: 





d (2a? — 4x — 1) > 22? — 2V3a—- V3. (11) 


As a > V2+1> 8 +1 it follows that : 22? —4r—1>0. 
In order to prove the inequality (11) it will be sufficient to prove that : 


_ Qa? — 2/32 — V3 


r 
2x22 —4e —1 





(12) 
We shall consider the function: f :(/2+1, +oo) + R 


_ 2a? — 2/32 — V3 
Qe? Ae —1 
(2V3 — 4) a? + (2V3 —2)¢- V3 
(Qa? — 4a +1)? , 


As: A = 40 — 24/3 > 0 it follows that : f’ (x) <0(V)x € (V24+1, +00). 
We shall obtain: f (x) < f (/2 + 1) = and we have the inequality of the statement. 


f (a) 





We have: 








f'(@)= 
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Weinan, Shaanxi, 714000, P. R. China 
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Abstract The power function of p in the factorization of n!. It’s mean value calculation were 
studied, methods of the elementary number theory and analytic theory and average method 
were adopted, precise calculation formulas of once mean value of function b(n, p) and second 
mean value of function b(n, p) were got, this conclusion for studying integer n! standard 
decomposition type and relevant property has important impetus. 
Keywords Integer standard decomposition type, number theoretic function, mean value, co 


-mputing formula. 


81. Introduction and results 


In problem 68 of [1], Professor F. Smarandache asked us to study the properties of the 
sequences k = e,(n), p is a prime, k denotes the power of p in the factorization of n 2]. Studies 
the number sequences in the integral expression [3] and [5]. Studies the mean computing 
problems of digital sum. In this paper, we studied the power function of p in the factorization 
of n! and it’s mean value calculation, let p is a prime, a(n, p) denotes the power of p in the 


factorization of n!. We give an exact computing formula of the mean value > a(n, p) and 
n<N 
completes the proof. First we give two definitions as follows: 


Definition 1.1. Let p (p > 2) be a fixed prime, n be any positive integer and 
n= apt agp? +---+asp*, 0< a <p, i=], 2,---,5). 


Let a(n, p) = a1 + dg +-+-+ a, as function of integer sum in base p; Let A,(N, p) = 


>> a®(n, p)(k = 1, 2) as once mean value of function a(n, p) and second mean value of 
n<N 
function a(n, p). Set B(N, p) = >> na(n, p) as once mean value of function na(n, p). 
n<N 
Definition 1.2. Let p (p > 2) be a fixed prime, n be any positive integer and 


kik k 
n= Pi Po + Des 





1This paper is supported by the N. S. F. of project Shanxi Province (2010JM1009) and E. S. F. of project of 
Shanxi Province (2010JK540). 
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where p; is a prime. Call b(n, p) as the power function of p in the factorization of n!; Call 
Cr(N, p) = >> d¥(n, p)(k =1, 2) as k-th mean value of function b(n, p) and second mean 
n<N 


value of function b(n, p). 
In this paper [x] denotes the greatest integer not exceeding x. 
Theorem 1.1. Let p(p > 2) be a prime, N be a fixed positive integer, assume N as 





follows, N = ajp+agp? ++:-+asp°, (0< a; <p, i=1, 2, ---, 8), then 
C(N, p) = _ Wn, p) 
n<N 
1 {N(N-1) (p-li < a PAY 
- ral 2 b> a + Da — a jae 
i=l j=l 
or 























1 a ra 
]-[ze)p) +1 
er) (]-bsh}) 
Theorem 1.2 
C2(N, p) = marae me doo * (ai (i — 2) Yo (p) + (1 — 2p") pype (ai) + 
(p — 1) p1 (@) yr (p) + 24 (1 — p*) G1 (ai) G1 (P) +2 od oa bind $1 (P) 


a-1 


2 

\- — a ¢1" (p) ; 

+p (ai) 5° a; + pai | So a; > p’ — 20; S- ip’ 
j=l j=l 





es 
s—l s s s p— 1 
Sa (o (wr!) tan! api ee ( (AY 
i=l j=itl j=i+l j=it+l 





£5-%2)-)} 


Corollary 1.1. Let N = 2*14+2'2+4..-+4+2"s, where ki > ko >--- > ks; kj is a positive 
integer, i= 1, 2,---, s, then 


= S- W(n, 2) wee Roe 18) 


n<N 


or 
log, N] 


Ce eee tae S > (ki2k-! + (i — 12"). 


n<N i=l 
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§2. Some lemmas and proofs 


Lemma 2.1.!4) If n is expressed as follow in the base p, n = ay + aip +-:- + axp* where 
0 <a; < p/p, a; is a positive integer, 0 <i < k We have the exact formula, 
































n n 
ai = B - || p, k= [log,,n] : (1) 
Lemma 2.2.!4] Let n be any positive integer, p be a prime, then 
“fn 1 
b(n, p) = 5] - n—a(n, p)). 2 
(n, p) » ml a1 ( (n, p)) (2) 
Lemma 2.3.2) Let N = ap + agp? +---+asp* where (0 < a <p, i=1, 2, ---, 8). 
Then 
% Pp 1. a ait 1 4 
A(N, p) = D> a(n, =>, 5 i+ day - 5 | SP (3) 
n<N 4=1. g=1 
or 
Ay (N, p) 
: (7) - [x] 2) +1 
a oe ee an El a N)_[N],\3 
7 i=1 j=l pi le . 2 p ye sa 
(4) 
Lemma 2.4." 
A(N, p) = >> {aiige (p) + rye (ai) + (Pp — 1) G1 (4) ¥1 (P) + Big (21) G1 (P) 
i=l 
2 
i—1 i—1 
+2 [avivr (p) + pyr (ai)] aj + pail > faz] ppt. (5) 
j=l j=l 
Lemma 2.5. 
pk-2 —]1 k—-1 : 
B(p*, p) = oe (var (k 10) J +1? (p)p*? S- ip’ 
i=l 
1 ph? ‘5 
+2(p) i-pe (6) 
Proof. 
B(p*,p) = Di na(n, p)= SY) nan, p)+ SY) na(n, p) 
n<p n<pk-} pk-l<n<2pk-1 
+ SY) na(n,p)t---+ So na(n, p). 
2p*—-1<n<3pr-t (p—1)p*-1<n<p* 
Because 


S na(n, p) 


ipk-1 <n<(i+1)pk-1 
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= SO (nt ip*)a(n+ ip, p) 
O<n<pk-1 

= YO (nt ip**) (a(n, p) +4) 
O0<n<pk-1 

= S- na(n, p) +4 S- n+ ipk-! S- a(n, p) + i2p2@-9), 
O<n<pk-! n<pk-1 n<pk-1 


From above formula 


k _ k-1 p(p-—1) 
B(p*, p) = pB(p Soc ee 2 
n<p 





fei (p—1) eae ee eee. 























2 
n<pk-1 
Similarly, 
2 
k-1 og k—-2 p (p—1) 
pB (p : 2) = pB(p oe. Oy 
n<pk-2 
k 
P (p—1) pip=1) (2p — 1) 2(k—2) 
+2 SY a(n, p+ i eee a) 
n<pr-2 
k-1 k 
k-2 B (2 3 - hl pp 1) p” (p—1) 
p’*B(p’, p) = p’* Bop, py — Yet — p) 
n<p n<p 
—1)(QQp-1 
,P(p—1) @p Po 
6 
Therefore 
k kd p-l j 4 
n<pk-1 n<pk-2 n<p 
p=) 4 7 = 
+t (A(t, p) + A(pE?, p) +--+ AQ, D)) 
p(p—1)Qp-1 _ _ 

ges i ) (pate 1) 4 p2(k-2) +o+p). (7) 

Because 

—1)(Qp-1 
B(p, p)=12 +2 +32 4+.--4(p—1)? = 2 ie : (8) 
Put (3) and (8) in (7), 

Pip—1)(Qp—1) 9-1 fp —p**" - (k= 1)p* p-1\? 2 
B ‘ = - P t } k - 4 
(p", p) 6 5) 2(1—p) 5 5 Pp dip 
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k—-2 k-1 
Pp -1 = — rae} 
= Pt + (v2 (p) — 1) 1 (p)) BE + 1 () BE Dip 
j=l 
1— pk? 3 
+2 (p) ——>-P’. 
( ) 1 —_ p 
Lemma 2.6. Let N = ap + agp? + a3p? +--+ + asp° 
4 i+1 4 i oe 
B(N, p) = Sopt {v (a:) p+ 1 (as) er (0) ip! +? ——*p 
j=l 
i-1 
+ [~2 (p) — 1) G1 (P)] asp + aig? (p) p-* Sp? 
i 
s—1 Ss Ss 
+504; 1 b> ajp’ | + ap" ye a;p” 
j=l jmid1 rel 
8 Jj 
i ~ Pp 1. ~ a;+1 ; 
oS (tend 2 
j=i4+l1 k=1 
Proof. 
B(N,p) = >> na(n, p)= Sd na(n, p)+ > na(n, p) 
n<N n<aip ayp<n<N 
= Bap, p)+ SY) (nt+arp)a(n+arp, p) 
O0<n<N-—aip 
= B(ap,p)+ S> (na(n, p)+na, + aypa(n, p) + a17p) 
n<N—aip 
N-a N-—ayp-1 
= B(ap, p)+ B(N —aip, pei! wn ames 
+a1pAi (N — ap, p) + a17p(N —aip). 
Similarly 
B(N- ap, p) 
= So na(n,p)+ So na(n, p) 
n<agp? agp2<n<N—a,p 
= B(agp*, p) + S- (n + agp”) a(n + agp”, p) 
0<n<N—aip—azp? 
= B(ap’,p)+ > (na(n, p) + naz + azp?a(n, p) + a2p) 


n<N-—aip—azp? 





(N — ayp — agp”) (N — ayp — agp? — 1) 
2 





= B (agp”, p) + B(N —ayp— app’, p) + a2 


+azp” A; (N — aip— agp”, p) + ap? (N — ayp — agp”) . 


asp* (asp* — 1) 
2 


2 


B(N —ayp—-++—a@s-2p°7, p) = B(as-ip*', p) + B(asp*, p) + as-1 
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+as—1p*' Aj (asp*, p) + as—17p* | (asp*) . 





Therefore 
B(N, p) 
: — (»- 2 o) (»- a a ) 
4 JF I= 
= S> B (aip', p) + Soa 5 
i=1 i=1 


s—1 a s-l1 a 
+> lap'a | N- Soap’, p} +> 0 a7p' | N-— Sl ajp! 
i=1 j=l i=1 j=l 


s 


; (a; —1) p' (p*-1 (a; —1)p—1. 5, 
_ » (ane js )p (p ) , ai (ai )p ip?! 














é 2 2 2 2 
i=1 
s—l Ss Fi] 
a; (a; —1)(2a;—1) 9; Fi ~ {[p-l. ~ a;t1 , 
( i '') S- aip S- ( 5 ja ak os ) aw 
i=1 j=itl k=1 


Ed i—2 


i i P 1 4 
- Yo {velo + (px (ai) 91 (P) ip + a — pp" 


a (2 (p) — (6-1) #1 (p)) aip** + air? (p) p? Ein + 3 ai§ pi | >_ agp! 











i - i -. (p—-1. om aj+1 . 
+ap' D> api +p | >> 5 I bake 5 | oP” 


j=itl j=it1 


s 
= dor ate (a;) p'** + gy (a4) gr (p) ip’ + ag —— 
i=1 


+ [2 (p) — (6-1) g1 (P)] aap + apr? (p) p* SS ip? 


s—l s s 
+> oa; Y1 S- ajp) | + aip' S- asp! 
i=1 


j=itl j=itl 








5 3 Pp 1. i ay +1 i 
ap | >, —_ Jt aK = a | UP 
k=1 


j=itl 


This completes the proofs of the lemma. 


§3. Proofs of the theorem 


In this section, we shall complete the proof of the theorem. 
Proof of Theorem 1.1. From (2) we have 





BIN, P)= So Wn, ») = Yo poz (n—aln, p)) 


n<N n<N 
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1 {N(N-1) 
a a(n, 
pi (“2- Fam) 
1 (NN-1) 
= (AB - 40, 9), (9 
Combining (3) and (9), we have 
7 — 1 (Nnw-1) Gf@-li, SG. ati) ; 
BIN, p) = d_ W(n, P)= pq 9 = 9 De 9 ajp 


n<N 


Combining (1). (4) and (9), we have 


a(S (SE (6)-Leb) 




















EEE (5)- ab) 


This completes the proof of the Theorem 1.1. 
Proof of Theorem 1.2. From Lemma 2.2, we have 





‘ 1 
C2 (N, = a? (n, p) = ——5(n — a(n, ? 
(N, p) »y (n, p) 2G (n, p)) 
1 
= 2(N)-—2 na(n, a’ (n, ; 10 
Fe (em-2F mm m+ Dat m) ao 


Put (2) and Lemma 2.6 in (10) 


C2(N, p) = ap {ete (a; (¢ — 2) po (p) + (1 — 2p") pepe (ai) + 
+ (p — 1) y1 (4) gr (p) + 2% (1 — p*) yi (a) v1 (p) - 2 (os +i- ) 1 (p) 





= a \" peal v1? (p) 
+pP1 (os) Das + pa; 2M a—> p? — 2a; 7 2 iP 


s—l s s 
-25 0 a; (» S- on) + ap" S- a;p! 
i=l 





j=it1 j=it1 
s J 
i ~ Pp 1 F ~ a;+ 1 ; 
+p S- (Aisa att) a;p" ‘ 
ara k=1 


This completes the proof of the Theorem 1.2. 
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Abstract In Espinosa and Moll "!, the integral ie logI'(x)¢(z, x)dx is evaluated using the 
Fourier coefficients an, bn of logI(«) found in [2]. However, in both [2] and [5], these coeffi- 
cients appear as $An and zbn. In view of this, we derive in this note Kummer’s Fourier series 
for logT' (a2) by which we evaluate the above integral. 

Keywords Gamma function, kummer’s fourier series, malmsten’s formula, hurwitz zeta-fun 


-ction, class function. 


§1. Introduction and the main result 


Let ¢(s, x), (0 <a <1) denote the Hurwitz zeta-function defined by 


Co 


1 
eS Gag t= eee (1) 
and let ¢(s) = ¢(s, 1) denote the Riemann zeta-function. Let (a) denote the gamma function 
defined by 


T(a2) = pete. Rez > 0. (2) 
0 
The Hurwitz zeta-function ¢(s, x) satisfies the functional equation (0 < x < 1) 
T(z) 


¢(s, 4) =— (an ome . (ce h2(2) ef h_.(1-2)), (3) 


where 
e2ring 





a ae a (4) 
is the polylogarithm function. 

We understand that these functions are meromorphically continued over C. Espinosa and 
Moll [1, Example 6.1] and Hashimoto [3, Corollary 3] evaluate the integral iB logI'(a)¢(z, x)dx 
in closed form. The former appealed to their theorem and used the Fourier coefficients a, and 
bn of log’ (x) "1, while the latter used Lerch’s formala 


log 7 


'This work is supported by the N. S. F. (10271093) of P. R. China. 


= ¢(0, 2). (5) 
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However, both in [2] and [5], the Fourier coefficients are stated as $a, and $b, and do not lead 
directly to the Fourier expansion (11) below for logI'(x). In view of this, we shall elaborate on 
the proof in [5] for the same, and using it, we shall prove the following 

Theorem 1.1. For 0 < Re z < 1, we have 











1 
¢(z-1) 1TQ—-2z) Te 
= 2 
| logI'(x)¢(z, x)dx = (y + log 27) a 7 (ony? cos > (2-2) 
1Td-2z) . mz 
sin 2-2), 6 
F Comrr on 6-2) (6) 
where ¥ indicates the Euler constant. 
§2. Proof of theorem 
We need some lemmas. 
Lemma 1. For 0 < Re z < 1 we have 
1 
[ Ge, waz =o, (7) 
0 
1 
-—1 
| x¢(z, «)dx = st ) (8) 
0 z—-1 


For Re z > 0 


| Aj(x)C(z, x)dx = -{ log(2sin7a)¢(z, x)dx 
0 0 


- Pus) ni : 
= oe ain Fee - 2), 0) 





where Aj() indicates the first Clausen function 
Aj(x) = —log(2sin7z), O0<a <1. (10) 


Proof can he found in [1] or [3]. 
Lemma 2. (Kummer’s Fourier series, [5, p. 17, (35)]). For0<a <1, 


D(a) 
Vor 





1 Slogn . 
= 5 Ai(2) (v4 log 2m) By (x) +) | —— sin 2ana, (11) 


n=1 


log 


where By (x) = x — $ is the first Bernoulli polynomial. 
Proof. We reproduce the proof sketched in [5, p.17] more in detail. 
By the reciprocity relation 
T 


T(z) — z) = 





(12) 


sin tz’ 
we may write for 0 < Re z <1, 
1 sin 7z 


1 
log T(z) = log Sy (log I'(z) — logT'(1 — z)). 
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Substituting Malmsten’s formula [5, p.16, (25)], 














co qi —(z-l1)t t 
log I'(z) = i e211 < dt, (13) 
0 1- et t 
we deduce that 
1 1 1 oo —(z-l1)t _ ,-2t dt 
log T(z) = 5 log 2a + 5 Ail) + oa («2 —let+ e = = =) ‘- (14) 
la e-@-Dt_p-#t 5 sinh(4—z)t ; : 
Writing —{G~—"— e —z nz » we deduce Kummer’s expression [5, p.16, (35)] 
2 
T(z) a aa _,, sinh(5—z)t\ dt 
1 =A = 27 —l1)e*4 2 ,0<Re z<1. 15 
°8 im 12)+5 f (1: Je aah —) 4 ee >) 


Now we compute the Fourier sine coefficient 


1 oo inh (2 
1 sinh (5 —2)t t 
bn =o) sin2anars f Qaemt + © a : des 
5 2 i, sinh 5 t 


ct a in 1 _ wees! 
a — | 2e x sin 2anadx + ——; sin 27na sinh | — — x} tdxr}. 
0 t 0 sinh 5 JO 2 
Since 


1 1 
sin 27nz sinh ( — c) t = —isin27nz sinh ((5 _ r) i) 
a ; be , dL) 
= 5 | cos (27n + it) x — sit —cos [ (Qan — it) a+ sit . 


b | i ee : Hai | Onde it 
n= : — sin mn + it) x — =4 
0 2mn t tsinh § |27n + it 2 
t in { (2 it) + ! Lt dt 
dy a Se mn —it)a+ 51 ; 


P ae ae di a 1 9 sinh it 1 4 1 di 
= sin ; 
0 2mn t 2tsinh § 2 \2an+it 2nn—it 


a 4nn 1 _,\ dt 1 se 1 _,\ dt 
n= = ; 16 
? | (a + (27n)? 7m ) t mn i (a rer a ) t 7) 


—t_ _—2ant 
t 


ce 1 dt 
= 3st 1 
q | (ss = ) t ey) 


[5, p.6, (36) = P.5, (28); in (36), ¢ must be ¢?], 








We obtain 











Hence 











We rewrite the integrand as (de cos t) t+ + (cost — e~*) + and apply the 


following formulas. 





t 
log z= f (et-et)F, Rez>0 (5, pl6, (28) (18) 
0 
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y= 7 (3 - «)¢ [5, p.5, (24)]. (19) 


| (cost — e~*) ue =0. 
0 t 


Which can be done by subtracting (17) from (19) and noting that the resulting integral 





and 


We need to prove that 





[ tt dt 4 
o (P4+1t4+1 t 


Hence it follows that 


1 
bn = —(y7 + log 2rn). (20) 
7m 
From (15) and (20), we now deduce for 0 < x < 1 that 
iB 1 . 1 . log 2 
log = = 7 Au(z) + S> bp Sin 2rna# = S- mn 208 2Qnnx + by ne sin2ana. (21) 
n=1 n=1 n=1 
Where we used the Founer series for A1(x): 
1 
A(x) = — log 2anz = S- — cos 2mnx. (22) 
n=1 % 


Recalling the counterpart of (22) for B,(x), we conclude (11) from (21), 
ol sin 2rna 
= , 0 1. 23 
= a << (23) 


This completes the proof. 
Proof. Solving (11) for A;(#) and substituting in (9), we deduce that 


[ (we ats) + (y + log 27) (a — 2 _ 3 “en sin Zon) C(z, x)dx 
0 ™ 





V20 2 n=1 
_ IPQ —2) . 7 
=5 (ony sin > ¢(2 — z) 


whence we see, on using (7) and sie that 


| logI'(a)¢(z, «)dx = pac) me de C(z, x)dx 


0 v2 
—1 1T(l-—2z) . wz 
= ia 5 oat sin > 





say, where 





=i fy ee sin2rna¢(z, x«)dx (25) 


n=1 


Changing the order of integration and summation in (25), we find that 


1 Ol : 
=-— S- “en | sin 2an¢(z, «)dx 
we mh dp 
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The Fourier sine coefficients b, = 2 ti sin2anx¢(z, «)dx are evaluated in [1, Proposition 
2.1] but we give a proof in the lines of that of Corollary 1 “4 


e2ting _,—2ring 


. We use (3) and the expression 

















sin 2mnz = oh and proceed as in [4]: 
T(1 = z) [ Ini — Ort miz —miz 
b, = —2——_ ene = eee (c*Fh_.(x) -eF h_.(1—2)) de 
20m) 0 ( ) 1 ( ) 1 ( ) 
ri ‘7 28% 4. sis ’ 
= ( a) | ( en e2rinay (1 = x) _ et eg 2rinay, (z)) dz 
(27) 0 
T(1—- 
= Md 2) 1-2 cos =. 
(27) 2 
Hence 
1T(Q— 2) TZ logn 1T(Q—-2z) RE; 
I= cos = cos 2— 2). 26 
many 8 2 Denese (amy DSO?) 


Substituting (26) in (24), we conclude (6), completing the proof. 
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Abstract Let f, g be arithmetic functions satisfying certain conditions. We prove the 
inequalities f(g(n)) < 2n — w(n) < 2n—1 and f(g(n)) < n+w(n) < 2n—-1 for any n> 1, 
where w(n) is the number of distinct prime factors of n. Particular cases include f(n) = 
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81. Introduction 


Let S(n) be the Smarandache (or Kempner-Smarandache) function, i.e., the function that 
associates to each positive integer n the smallest positive integer k such that n|k!. Let o(n) 
denote the sum of distinct positive divisors of n, while o*(n) the sum of distinct unitary divisors 
of n (introduced for the first time by E. Cohen, see e.g. [7] for references and many informations 
on this and related functions). Put w(n) = number of distinct prime divisors of n, where n > 1. 


In paper [4] we have proved the inequality 
S(a(n)) < 2n—w(n), (1) 


for any n > 1, with equality if and only if w(n) = 1 and 2n — 1 is a Mersenne prime. 
In what follows we shall prove the similar inequality 


S(o*(n)) < n+ w(n) (2) 


for n > 1. Remark that n+ w(n) < 2n —w(n), as 2w(n) < n follows easily for any n > 1. On 
the other hand 2n — w(n) < 2n — 1, so both inequalities (1) and (2) are improvements of 


S(g(n)) < 2n—1, (3) 


where g(n) = a(n) or g(n) = o*(n). 
We will consider more general inequalities, for the composite functions f(g(n)), where f, 


g are arithmetical functions satisfying certain conditions. 
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§2. Main results 


Lemma 2.1. For any real numbers a > 0 and p > 2 one has the inequality 





with equality only for a = 0 or p= 2. 
Proof. It is easy to see that (4) is equivalent to 


(= Dip=2) 20, 


which is true by p> 2 and a> 0, as p*? > 27 >1 and p—2>0. 
Lemma 2.2. For any real numbers y; > 2 (1 <i <r) one has 


Yr tbe + Yr S Yt Yr (5) 


with equality only for r = 1. 

Proof. For r = 2 the inequality follows by (y: — 1)(y2 — 1) > 1, which is true, as 
yi -1> 1, yo—12> 1. Now, relation (5) follows by mathematical induction, the induction 
step Yr °° Yr + Yrti < (y1-+++Yr)¥r41 being an application of the above proved inequality for 
the numbers yj = Y1-+* Yr; Yo = Yr+1- 

Now we can state the main results of this paper. 

Theorem 2.1. Let f, g : N — R be two arithmetic functions satisfying the following 
conditions: 

(i) f(vy) < f(x) + f(y) for any x, y EN; 

(ii) f(x) < a for any « EN; 

(iii) g(p%) < 2p% — 1, for any prime powers p® (p prime, a > 1); 

(iv) g is multiplicative function. 

Then one has the inequality 
f(g(n)) <2n—w(n), n> 1. (6) 


Theorem 2.2. Assume that the arithmetical functions f and g of Theorem 2.1 satisfy 
conditions (i), (ii), (iv) and 

(iii)’ g(p*) < p* +1 for any prime powers p*. 
Then one has the inequality 


f(g(n)) <n+w(n), n> 1. (7) 
Proof of Theorem 2.1. As f(a1) < f(a1) and f(xi%2) < f(x1) + f(a), it follows by 
mathematical induction, that for any integers r > 1 and 21,--- ,x, > 1 one has 


Let now n = pf! --- per > 1 be the prime factorization of n, where p; are distinct primes 
and a; > 1 (¢=1,--- ,r). Since g is multiplicative, by inequality (8) one has 


f(g(n)) = f(g) --- gr") < F(g@t)) +--+ + F(g(pF")). 
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By using conditions (ii) and (iii), we get 
f(g(n)) < gt") +--+ + g(pFr) < 2? +++ + per) — 


As p3* > 2, by Lemma 2.2 we get inequality (6), as r = w(n). 
Proof of Theorem 2.2. Use the same argument as in the proof of Theorem 2.1, by 
remarking that by (iii)’ 


F(g(n)) < (WT +... + er) +r < py... pe tr=n+u(n). 
Remark 2.1. By introducing the arithmetical function B'(n) (see [7], Ch.IV.28) 
Bi(n) = So p® = pS +... 4+ per 
pe||n 


ie., the sum of greatest prime power divisors of n 5 the followin stronger inequalities can be 
& g 
stated: 


f(g(n)) < 2B*(n) — w(n), (6) 
(in place of (6)); as well as: 
f(g(n)) < BY(n) + w(n), (7') 


(in place of (7)). 
For the average order of B!(n), as well as connected functions, see e.g. [2], [3], [8], [7]. 


§3. Applications 


1. First we prove inequality (1). 
Let f(n) = S(n). Then inequalities (i), (ii) are well-known (see e.g. [1], [6], [4]). Put 


g(n) = o(n). As a(p®%) = 1, inequality (iii) follows by Lemma 2.1. Theorem 2.1 may be 





applied. 

2. Inequality (2) holds true. 

Let f(n) = S(n), g(n) = o*(n). As o*(n) is a multiplicative function, with o*(p*) = p* +1, 
inequality (iii)’ holds true. Thus (2) follows by Theorem 2.2. 

3. Let g(n) = ¥(n) be the Dedekind arithmetical function; i.e., the multiplicative function 


whose value of the prime power p% is 
b(p*) = p*""(p + 1). 
Then ~(p*) < 2p% — 1 since 
p% + pe! < 2p* — 1 <> p* +1 < p* < p*"(p— 1) 9, 


which is true, with strict inequality. 
Thus Theorem 2.1 may be applied for any function f satisfying (i) and (ii). 
4, There are many functions satisfying inequalities (i) and (ii) of Theorems 2.1 and 2.2. 
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Let f(n) = logo(n). As o(mn) < a(m)o(n) for any m, n > 1, relation (i) follows. The 
inequality f(n) <n follows by o(n) < e”, which is a consequence of e.g. a(n) < n? < e” (the 
last inequality may be proved e.g. by induction). 

Remark 3.1. More generally, assume that F'(n) is a submultiplicative function, i.e., 
satisfying 

F(mn) < F(m)F(n), for m, n> 1. (i’) 


Assume also that 
F(n) <e™. (ii’) 


Then f(n) = log F(n) satisfies relations (i) and (ii). 
5. Another nontrivial function, which satisfies conditions (i) and (ii) is the following 


f(n) = D, if nm = p (prime); (9) 


1, if nm =composite or n = 1. 


Clearly, f(n) < n, with equality only ifn = 1 or n = prime. For y = 1 we get f(x) < 
f(z) +1= f(x) + f(1); when x, y > 2 one has 


f(xy) =1< f(x) + fly). 

6. Another example is 
f(n) = O(n) = ay +++ + ar, (10) 
for n = pf... p%"; i.e., the total number of prime factors of n. Then f(mn) = f(m) + f(n), as 
Q(mn) = Q(m) + O(n) for all m, n > 1. The inequality Q(n) < n follows by n = pft--+- per > 


Jaap tor >ayt-:::+a,-. 


7. Define the additive analogue of the sum of divisors function a, as follows: If n = 





pi -+- per is the prime factorization of n, put 


ye) Ae ad (11) 
a co 


Bn) = 5 ( 


i=l 


Pe naitl _ 1 





, and a > 2, clearly by Lemma 2.2 one has 


x(n) < a(n). (12) 


Let f(n) be any arithmetic function satisfying condition (ii), ie., f(n) <n for any n > 1. 
Then one has the inequality: 


f(Z(n)) < 2B*(n) — w(n) < 2n— w(n) < 2n-1, (13) 


for any n > 1. 
Indeed, by Lemma 2.1 and Remark 2.1, the first inequality of (13) follows. Since B'(n) <n 
(by Lemma 2.2), the other inequalities of (13) will follow. An example: 


S(X(n)) < 2n — 1, (14) 
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which is the first and last term inequality in (13). 

It is interesting to study the cases of equality in (14). As S(m) = m if and only if m= 1, 
4 or p (prime) (see e.g. [1], [6], [4]) and in Lemma 2.2 there is equality if w(n) = 1, while in 
Lemma 2.1, as p = 2, we get that n must have the form n = 2%. Then ©(n) = 2°*+! — 1 and 
2-71 _ 1 41, 2°41 144, 2°*1 — 1 = prime; we get the following theorem: 

There is equality in (14) iff n = 2%, where 2°+! — 1 is a prime. 

In paper [5] we called a number n almost f-perfect, if f(m) = 2n— 1 holds true. Thus, we 
have proved that n is almost S o X-perfect number, iff n = 2°, with 2**! — 1 a prime (where 


“ ” 


o” denotes composition of functions). 
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81. Introduction and preliminaries 


Recall that a continuous map f : X — Y in the category Top of topological spaces is 
called proper if the product map idz x f: Zx X — Zx/Y is closed, for every space Z, where 
idz : Z— Z is the identity map. This is equivalent to f being universally closed, in the 
sense that every pullback of f is a closed map. There exist many characterizations of proper 
maps |-3], the useful characterizations of them related to compactness are presented in [5]. In 
particular, a continuous map f : X — Y is proper if and only if f is a closed map and the set 
f-‘{y} is compact for every point y € Y. 

Proper maps were worked categorically by Clementino, Giuli and Tholen, as the notion 
of c-compact maps, where c is a closure operator, see [2] for details. Also some categorically 
properties of proper maps are discussed in [4], [8] and [9]. 

Let C be a fixed collection of spaces, referred to as generating spaces. By a probe over a 
space X we mean a continuous map from one of the generating spaces to X. The C-generated 
topology CX on a space X is the final topology of the probes over X, that is, the finest 
topology making all probes continuous. We say that a topological space X is C-generated, if 
X = CX. The category of continuous maps of C-generated spaces is denoted by Tope. In 
particular, if C consists of core compact spaces, locally compact spaces, compact Hausdorff 
spaces, the one-point compactification of the countable discrete space respectively, then we 
refer to C-generated spaces as core compactly generated spaces, locally compactly generated 
spaces, compactly generated spaces, sequentially generated spaces, see [7]. A collection C of 
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generating spaces is called productive if every generating space is exponentiable, and also the 
topological product of any two generating space is C-generated. If C is productive, then Tope 
is a cartesian closed category. 

For C-generated spaces X and Y, we write X xc Y for the binary product in the category 
Topc, which is equal to C(X x Y), see [7]. Indeed, in general the topology of X xc Y is finer 
than the topological product X x Y, but if the product space X x Y is itself C-generated, then 
XxY=X xc Y. A continuous map f: X — Y in the category Tope is called proper if the 
product map idz x f: Zx¢eX — ZxcY is closed, for every C-generated space Z. In this paper 
we shall study proper maps in Tope. We first present the notion of relative C-compactness and 
C-compactness and next we present some characterizations of those maps. All maps in this 
paper are assumed to be continuous. 

Theorem 1.1.!7 Let C be a productive class of generating spaces. 

(i) If X and Y are C-generated spaces with Y exponentiable in Top, then the topological 
product X x Y is C-generated. 

(ii) If X and Y are C-generated, then X xc Y = X x¢ Y, where € denotes the class of all 
exponentiable spaces. 

(iii) If A, B, Y are C-generated and q : A — B is a topological quotient, then the map 
qxidy: AxcY > BxcY isa topological quotient. 


§2. Relative C-compactness and C-compactness 


A generalization of compactness is the notion of relative compactness, that is, for arbitrary 
subsets S and T of a topological space X, we say that S' is relatively compact in T, written 
S <T, if, for every open cover of T, there exist finitely many elements in the cover that cover 
S. The notion of relative compactness, restricted to open sets, plays an important role in the 
study of core compact spaces (exponentiable spaces) and generated spaces (6,7), For an arbitrary 
collection C of generating spaces, the relation <c, on subsets of a topological space X, is defined 
by S <ce T if and only if there is a C-probe P: C — X and open subsets U < V C C, such 
that S C P(U) and P(V) CT. If C is productive, then the exponential topology [X =c Y] 
has subbasic open sets [S, Vic ={f | S<c f~(V)}, where S C X is arbitrary and V CY is 
open [7], 

In this section, we give the notion of relative C-compactness, which is a generalization of 
relative compactness and C-compactness. Also we present necessary and sufficient conditions 
for relative C-compactness. A useful characterization of relative compactness is presented in 
[5], that is, S < T if and only if for every space Z, every z € Z and every open subset W of 
Z x X, such that {z} x T C W, then V x S C W, for some neighborhood V of z. This is an 
idea for the following definition: 

Definition 2.1. Let S, T and Q be subsets of a C-generated space X. 

(i) We say that S is relatively C-compact in T, written S <° T, if for every C-generated 
space Z, every z € Z and every open subset W of Z xc X, such that {z} x T C W, then 
V x S CW, for some neighborhood V of z. 

(ii) We say that Q is C-compact, if the relation Q <© Q holds. 
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Remark 2.1. By definition of interior, the relation S <° T holds if and only if for every 
C-generated space Z and every open subset W of Z xc X, 


{zEZ|{z}xTCW}C{eEZ|{z} x SCW}. 


Therefore a subset Q of a C-generated space X is C-compact if and only if for every C-generated 
space Z and every open subset W of Z xc X, the set {z € Z | {z} x Q C W} is open. 

Proposition 2.1. Let S and T be subsets of a C-generated space X. 

(i) If C is productive, then 9 <¢ T implies S «© T. 

(ii) If C is productive and X is a core compact space, then S < T implies 9 <© T. 

Proof. (i) Suppose S <c T. Then there is a C-probe P : C — X and open subsets 
U<«<V CC, such that S C P(U) and P(V) CT. Let Z be a C-generated space, W C Z xe X 
be an open and assume that {z} x TC W. Applying the map idz x P: ZxcC — Zxc X, we 
have {z} x V C {z} x P-1(T) C (id x P)~1(W). By Theorem 1.1 part (i), Z xe C=ZxC, 
and hence there is a neighborhood G of z, such that Gx U C (idx P)~!(W). Thus Gx S$ C W, 
as desired. 

(ii) Let Z be a C-generated space, W C Z xc X be an open and assume that {z} x T CW. 
By Theorem 1.1 part (i), Z xe X = Z x X, so there is a neighborhood V of z, such that 
V x S CW, as desired. 

Recall that a C-generated space X is called C-Hausdorff, if its diagonal is closed in X xc X, 
and that is C-discrete, if its diagonal is open in X x¢ X (5), 

Theorem 2.1. Let X and Y be C-generated spaces. 

(i) If F is a closed set of X and F <© X, then F is C-compact. 

(ii) If X is C-Hausdorff and § <° T in X, then SC T. 

(iii) If f: X + Y isa map and S <© T in X, then f(S) <© f(T) in Y. 

(iv) If S «© Tin X and A<° Bin Y, then Sx AK° Tx Bin X xcY. 

Proof. The proofs are modifications of the classical proofs, so we prove only part (iv). Let 
Z be a C-generated space, W C Z xe X X¢ Y be an open and assume that {z} x Tx BCW. 
Then for every t € T, {(z, t)} x B C W, so there is a neighborhood V; of (z, ), such that 
V, x ACW. Now let W’ = User Vi. Then W’ C Z xc X is open and {z} x T C W’. Thus 
there is a neighborhood V, of z, such that V, x S C W’, and hence Vx Sx AC W'x ACW, 
as desired. 

The Sierpinski space is the space S with two points 1 and 0, such that {1} is open but 
{0} is not. We denote by OcX the lattice of open sets of X endowed with the topology that 
makes the bijection U ++ xy : OcX — S* into a homeomorphism, where the exponential is 
calculated in Tope. We henceforth assume that the Sierpinski space is a C-generated space. 
The following lemma can be found in [5]. 

Lemma 2.1. Let X be a C-generated space. 

(i) The topology of OcX is finer than the Scott topology. 

(ii) The topology of O¢X coincides with the Scott topology if C generates all compact 
Hausdorff spaces. 

(iii) A set W C Z xe X is open if and only if its transpose W : Z — OcX defined by 
W(z) = {a € X | (y, x) € W} is continuous. 
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(iv) A set W C Z xc X is open if and only if for every x € X, the set V, = {z € Z | 
(z, x) € W} is open and also for every Scott open set O of OZ, the set Up = {a € X | Vz € O} 
is open. 

(v) The set {(U, x) € OcX xc X | x € U} is open in the C-product. 

For a C-generated space X and an arbitrary subset S of X, we denote by Og the set 
{i eOeX |S CU} of Cex, 

Lemma 2.2. If W is an open set of Z x¢ X, then for every subset S$ of X, W~1(Og) = 
{ze Z|{z} x S CW}, where W is the map defined in Lemma 2.1. 

Proof. 


W(z) € Os 

SC W(z) 

{z}xSCW 
ze{zEeZ|{z}xSCWw}. 


ZE W!(Os) 


tte? 


Theorem 2.2. Let X be a C-generated space. Then the following are equivalent: 

(i) 5 <° Tin X. 

(ii) Op C Og°, where Os° is the interior of Og in the space Oc X. 

Proof. (i)=(ii) Let U € Or. By Lemma 2.1, the set W = {(U, x) € OcX xc X | x EU} 
is open and {U} x T C W. Thus there is an open neighborhood O of U, such that Ox S CW, 
which shows that U € Og°, as desired. 

(ii)>(i) Let Z be a C-generated space, W C Z xc X be an open. By assumption, 
W-'(Or) C W-!(Og°), where W is the map defined in Lemma 2.1. Thus by Lemma 2.2, 
{ze Z| {z}xT CW} C {ze Z| {z}x 9 CW}, and hence by Remark 2.1, the result 
follows. 

Corollary 2.1. A subset Q of a C-generated space X is C-compact if and only if the set 
{U € OcX | Q CU} is open in the space Oc X. 

Proof. By Theorem 2.2, we have that 





Q <«° Q 4 0g C 0g? & Og = Og”. 


Corollary 2.2. Every compact set is C-compact and if the class C generates all compact 
Hausdorff spaces, the converse holds. 

Proof. By definition of the Scott topology a subset Q of a C-generated space X is compact 
if and only if the set {U € OcX | Q C U} is Scott open. Thus by Lemma 2.1 and Corollary 
2.1, the result follows. 


§3. Proper maps 


In this section we present some properties of proper maps in Tope, in particular, we show 
that f is a proper map in one of the categories, core compactly generated spaces, locally 
compactly generated spaces, compactly generated spaces, if and only if it is a proper map in 
the category Top of topological spaces. 
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Proposition 3.1. If D and C are two productive classes of generating spaces such that 
D CC, then the inclusion functor i: Topp — Tope reflects proper maps. 

Proof. By Theorem 1.1 part (ii), the finite products in the categories Tope and Topp 
coincide. Thus if f € Topp is a proper map in Tope, then it is a proper map in Topp. 

Remark 3.1. A map g: A-— B is closed if and only if for every open set U C A, the set 
B\g(A\U) is open. But an easy calculation shows that this set is {bo € B | g-{b} C U}. Thus 
amap g: A— B is closed if and only if for every open set U C A, the set {b € B | g-'{b} CU} 
is open. 

Theorem 3.1. A map f: X —Y is proper in Tope if and only if for every C-generated 
space Z and every open set W C Z xc X, the set {(z, y) € Z xc Y | {z} x fot{y} C W} is 
open. 

Proof. By Remark 3.1, we have that f is a proper map if and only if for every C-generated 
space Z and every open set W C Z xc X, the set {(z, y) € ZxcY | (idz x f) *{(z, y)} C WH 
is open. 

Definition 3.1. Let f : X — Y bea map in Tope. We say that f reflects relative C- 
compactness, if for arbitrary subsets S and T of Y, such that S <© T, then f-1(S) <© f-l(T). 

Theorem 3.2. If f : X — Y is a proper map in Tope, then f reflects relative C- 
compactness. 

Proof. Let S <© T in Y, W be an open subset of Z xc X, and z € Z such that, 
{z} x f-1(T) CW. Then by Theorem 3.1, the set M = {(z, y) | {2} x f-1(y) C W} is open. 
Since {z} x T C M, by definition of relative C-compactness, V x S C M for some neighborhood 
V of z. Therefore V x f~1(S) C W, as desired. 

Corollary 3.1. If f: X — Y is a proper map in Tope, then: 

(i) f is a closed map and the set f~!(Q) is C-compact, for every C-compact set Q of Y. 

(ii) f is a closed map and the set f~'{y} is C-compact, for every point y in Y. 

Proof. Since the one-point space is a C-generated space, so if Z is the one-point space, then 
every proper map is closed. Singletons are compact and hence are C-compact, so by Theorem 
3.2, the result follows. 

We know that the converse of Corollary 3.1 in Top holds, but we show that if the class C 
is productive, then the converse of Corollary 3.1 in Tope holds. 

Remark 3.2. Recall that the saturation of a productive C is the collection C of C-generated 
spaces which are exponentiable in Top. A space is C-generated if and only if it is a quotient of 
a space in C, see Lemma 5.3 in [7]. 

Lemma 3.1. Let f : X — Y be aclosed map in Tope, such that the set f~'{y} is 
C-compact, for every point y in Y. Then for every C-generated space Z, which is exponentiable 
in Top and every open set W C Z xc X, the set {(z, y) € Z xc Y | {z} x fol{y} C W} is 
open. 

Proof. Let Z € Tope be an exponentiable space and W C Z xc X be open and assume 
that M = {(z, y)€ Z xc Y | {z} x fot{y} C W}. By Remark 2.1, the set V, = {z € Z | 
(z, y) € M} = {ze Z| {z} x f-t{y} C W} is open, for every y in Y. To show that M is 
open, let O be a Scott open set of OZ. By Lemma 2.1 part (iv), it suffices to show that the set 
Uo = {y € Y | Vy € O} is open. Let yo € Y be such that V,, € O. Since Z is exponentiable, 
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for every z € V,,, there is an open neighborhood U, of z such that U, < Vy,. By definition 
of the Scott topology, there is a finite set J of Vy,, such that U,.,;Uz € O. Suppose that 
O, ={V € OZ | U, < V}. By Remark 3.1, the set G= {y€ Y | f-'{y} CN erW 1 (Oz)} 
is an open neighborhood of yo, where W is the map defined in Lemma 2.1. Now we show that 
GC Uo. Let y € G. Then for every « € f~'{y} and every z € I, U, < W(z), and hence 
User Uz © Mee s-1443 W(x) = Vy. Therefore V, € O, as desired. 

Theorem 3.3. Let f: X — Y bea map in Tope. If the class C is productive, then the 
following are equivalent: 

(i) f is a proper map in Tope. 

(ii) For every C-generated space Z and every open set W C Z xc X, the set {(z, y) € 
Z xc Y | {z} x f-l{y} C W} is open. 

(iii) f is a closed map and the set f~'(Q) is C-compact, for every C-compact set Q of Y. 

(iv) f is a closed map and the set f~'{y} is C-compact, for every point y in Y. 

Proof. By Theorem 3.1 and Corollary 3.1, (i)@(ii)=(iii)= (iv). 

(iv)>(ii) Let Z € Tope and W C Z xc X be an open subset and assume that M = 
{(z, y)€ZxeY | {z} x f-'{y} C W}. By Remark 3.2, there is a quotient map q: C — Z, 
with C € C. By Lemma 3.1, the set G = {(c, y) € C xc Y | {c} x fot{y} C (¢ x idx) 1 (W)} 
is open. But an easy calculation shows that G = (q x idy)~'(M), by Theorem 1.1 part (iii), 
q X idy is a quotient map, and hence the set MW is open, as desired. 

Corollary 3.2. (i) If the class C generates all compact Hausdorff spaces, then the inclusion 
functor i: Tope — Top preserves proper maps. 

(ii) If the class C is productive, then the inclusion functor 1: Tope — Top reflects proper 
maps. 

Proof. (i) Let f € Tope be a proper map. Then by Corollary 3.1, f is closed and the set 
f-1{y} is C-compact, for every point y € Y. By Corollary 2.2, every C-compact set is compact, 
so f is a proper map in Top. 

(ii) By Corollary 2.2 and Theorem 3.3, the result follows. 

Corollary 3.3. Since every compact Hausdorff space is locally compact and every locally 
compact space is core compact, therefore by Corollary 3.2, f is a proper map in one of the 
categories, core compactly generated spaces, locally compactly generated spaces, compactly 
generated spaces, if and only if it is a proper map in the category Top of all topological spaces. 
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